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Abstract: The main purpose of the present paper is to prove the existence of periodic solutions of
the three-body problem in the 3D Kepler formulation. We have solved the same problem in the case
when the three particles are considered in an external inertial system. We start with the three-body
equations of motion, which are a subset of the equations of motion (previously derived by us) for
any number of bodies. In the Minkowski space, there are 12 equations of motion. It is proved that
three of them are consequences of the other nine, so their number becomes nine, as much as the
unknown trajectories are. The Kepler formulation assumes that one particle (the nucleus) is placed at
the coordinate origin. The motion of the other two particles is described by a neutral system with
respect to the unknown velocities. The state-dependent delays arise as a consequence of the finite
vacuum speed of light. We obtain the equations of motion in spherical coordinates and split them
into two groups. In the first group all arguments of the unknown functions are delays. We take their
solutions as initial functions. Then, the equations of motion for the remaining two particles must
be solved to the right of the initial point. To prove the existence-uniqueness of a periodic solution,
we choose a space consisting of periodic infinitely smooth functions satisfying some supplementary
conditions. Then, we use a suitable operator which acts on these spaces and whose fixed points
are periodic solutions. We apply the fixed point theorem for the operators acting on the spaces of
periodic functions. In this manner, we show the stability of the He atom in the frame of classical
electrodynamics. In a previous paper of ours, we proved the existence of spin functions for plane
motion. Thus, we confirm the Bohr and Sommerfeld’s hypothesis for the He atom.

Keywords: classical electrodynamics; three-body problem; periodic solutions; fixed point method;
neutral system

MSC: 78 A35; 34K40; 47H10

1. Introduction

The primary goal of the present paper is to investigate the three-body problem of
classical electrodynamics in the 3D Kepler formulation. In [1], we formulated the same
three-body problem externally for the particle inertial system, and in [2], we proved the
existence—uniqueness of a periodic solution. The three-body problem is a particular case of
the general formulation of the N-body problem (cf. [3]), where the existence-uniqueness of
escape trajectories of N charged particles has been proved. Here, we add radiation terms for
each of the three particles. We use the relativistically invariant form of the Dirac radiation
term introduced in [4]. We proceed from the system from [1] and passing to the spherical
coordinates, we formulate the 3D Kepler problem for three charged particles. The results
obtained allow us to extend qualitative investigations concerning He atom and He-like
atoms such as Li*, and others. The method for solving the equations of motion is based
on the choice of suitable spaces of functions consisting of an infinitely smooth periodic
satisfying some additional conditions and introducing operators acting on these spaces.
Their fixed points are periodic solutions of the equations of motion. It is not superfluous
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to note that, using the 3D Kepler formulation, we put the nuclei at the origin and look for
trajectories of two moving particles circling around the nuclei. From a mathematical point
of view, it is a formal operation, but from a physical point of view, this means that we pass
from the relativistic case to the quasi-classical one, because the Kepler problem is in fact a
classical (Newton) one. This is also confirmed by the type of radiation term, which turns
out to be in the Lorentz form.

This paper consists of seven sections, five appendices and conclusions. Section 1 is
the introduction. Section 2 contains the 3D Kepler formulation for the equations of motion
in Cartesian coordinates. This leads to the separation of the system into two groups. One
of them consists of three equations containing unknown functions on the initial interval.
We call them initial equations. We follow R.D. Driver’s approach (cf. [5]) to describe
the retarded interaction between particles, which is based on the idea of W. Pauli [6]
and J.L. Synge [7]. The state-dependent delays are obtained. In fact, with respect to the
unknown velocities, the system obtained is a neutral type, and the delays depend on the
unknown trajectories. In Section 3, we derive the basic equations of motion in spherical
coordinates. The equations obtained are again of a neutral type, with delays depending
on the unknown trajectories. In Section 4, we introduce the function spaces consisting
of infinitely differentiable periodic functions which satisfy some additional conditions.
Some auxiliary propositions are also proved. In Section 5, we introduce operators whose
fixed points are periodic solutions to the equations of motion and prove the Main Lemma.
Section 6 contains the main result, which guarantees the existence-uniqueness of the
periodic solution to equations of motion for the three-body problem in the 3D Kepler form.
The proof is based on a fixed point theorem [8]. A numerical example is given. In Section 7,
the Bohr and Sommerfeld hypotheses are discussed.

We mention some results in which different approaches are applied [9-18].

We recall some denotations and results from [1,2] concerning the three-body problem
in Cartesian coordinates. We consider the system of 12 equations of motion using radiation
terms for the three-body system [1]:
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where r = 1,2,3,4; ¢ is the vacuum speed of light; ;. are the masses; and e, (k = 1,2,3) are
the charges of the particles. Recall that there is a summation in repeating ! in the right-hand

(n) (n)
0P
sides of the above system. The elements of the electromagnetic tensors F,; () _ 2% 3%

a M
(n)
can be calculated by the retarded Lienard—Wiechert potentials <D£n) = — W, while
. 4

the radiation terms can be calculated as a half of the difference between the retarded and
advance potentials, in accordance with the Dirac assumption:

F(k)rad aAg[k)ret - aAS’?)ret - aA( )ado - aAf,f)“d”
mn 7
2 ax%c)ret ax}gk)ret axﬁn )ado axi(/lk)udv
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where A = —W, e = _WM'
Here, ( (k)( £),x )( £),x )( f), xflk)(t) = ict) (k = 1,2,3) are space-time coordinates of

the charged particles. The dot product in the Minkowski spaceis (a,b), = a,b, = Z Anby,

n=1
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3
while in the three-dimensional subspace, (a,b) = a,by = Y. a4b,. The elements of proper
a=1
times are dsy (k = 1,2,3) and the unit tangent vectors to the world lines are

K L) LK) (K ulb) Wiy uP) (k) k k k
(A, A0, A0 = (1A§*>,“2Af>, 3A5f>,A1),a’ = (w0, (1), ul (1)),

A — \/cz_ ("

We have proved that three equations from (1) are a consequence of the rest [1].
The equations of motion become nine in number, as do the unknown functions

(1 ®(8), 129 (8), s ® (1)), (k =1,2,3).

The isotropic vectors ¢ (k) (k=1,2,3; m # k) are obtained in the following way: fix
any event on the world line of the k-th particle and draw the light cone into the past. This
cone intersects the world line of the m-th particle in any other (past) event. Then,

— (km)
gl — (), gl gl ) = (c ,éi"’“) =

= () =™ (= T (), 57 () = 5" (1 = T (8)), 257 (1) = 0 (¢ = T (1), iTin (1)),

>
.
=
Il

gtkm) are isotropic four-vectors <§ (k) | gx (k) >4 = 0, which implies that the retarded

functions T, (t) should satisfy the following functional equations:

1 —(km) — (k)
Tkm(t) = c <§ /G > =

The above equations are six in number because (km) = (12), (13), (23), (21), (31), (32)
and u(™ = u(M (t — 1, (1)), for m # k, Ay = \/c2 — <Z(m)(t — T, Z(m)(t — Tkm)>,

3
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2. Separation of the Equations of Motion and Derivation of the Initial Equations

k k k
The assumption (C): Z( )H = \/<ﬁ( )(t),;( )(t)> <c¢<c(k=1,23; ¢ = const)
k k
implies ¢? — ;t)( ), ;t)( ) > ¢2 — ¢ > 0. This condition allows us to obtain from (1) a

system containing three groups of equations (cf. [1]):
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A% +Dy3

Hpys =

(km) —(km) (km) _(m
[ e

where Dy, = form # k.

km) —s(km) (km
o () (23

In accordance with the Kepler formulation, the first particle P; is at the origin 0(0,0,0),
and therefore,

XV =04 =0, i) =0 (a=1,23). ®)

Then, we obtain 0 = Gilz) + G§13)’ 0= Gélz) + GEB), 0= Géu) + Géw)-
It is easy to see that the equation 0 = Gilz) + Ggm) becomes 0 = 0.

Remark 1. We notice that in the equation 0 = Gélz) + Géls) , the unknown functions and

their derivatives have retarded arguments t — Ty, while in the equation 0 = Gélz) + Gélg) , the

arquments are t — Ty3. This implies that we must consider these equations on the initial interval
[T, 0. This is why we call the first group of three equations (2) initial equations. We consider the
second and third group of Equations (3) and (4), respectively (six in number), on the interval [0, 00).

To simplify the equations of motion, we notice that for the first Bohr orbit, the
Sommerfeld fine structure constant is § = ¢/c ~ 1/137 = p% ~ 0. Consequently, A, —

k) —(k —(k k —(m 1
\/cz<2( >,u( >> = c\/1<u( >,ﬂ>( )>/c2 ~c, Mgy = \/c2<u( )(tfrkm),ﬂ)(n)(tfrkm)> ~c,and

If pyp, is the distance between the k-th and m-th particle via ¢ (km) Okm ~ 1071 m
(cf. [14]), we obtain

—(23) 2 c T23—<§ i >
T3 — <C ,;( )> ~ CZT23, Dy = —F——+f &1 and

, /2@ 50 5 2@) L@\ /o6 5O
M6 o )| (6 U wou —(23) 5@ 50
~2+ (¢  —mau U ).
BU

We can simplify the above equations in accordance to the last relations:
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Ao(t —T3) =

+

+

+

. .2
2(t — T23) = pz(t — T23)q022(t — T23) cos? /\z(t — Tp3) + p2(t — ng))\z (t— T23) —

(12) ~(2) ] [ (13) -, (3) T
(807 (1 )~ mi?] 5 (e (8707)) (67 - ml?) - oit?] o
(12) ~(2) i [ (13) -,0) ]
<E Ju >> <§§12) - leugz)) - C2T12211§2) + % <Cz + <E Ju >> ((:éw) — T13u§3)) — c2r132u§3> =0, (7)

(12) -,(2) ) [ (13) -, 3) T
<E ,ﬂ) >> (Céu) - leuéz)) - C2T122ilé2) + % <c2 + <E ,ﬁ >> <C§13) — 1131¢§3)) — c21132i1§3) =0.

For the stationary particle, we have Gﬁl)’”d = 0. Therefore, the initial (vector) equa-

tions, G%lz) + G;m =0, Gélz) + Gélg) =0, Gglz) + Gém) = 0, become:

We assume that

2+ E ,;t) <§§ 2 _ leuéz)) -2 zué ) = 0, 8)
2+ <§§12) - leu:(f)) - c%uzug ) =0

and

( - T13”£3)) — Patis) =0, )

(13) - (3)
<c2 + <E ,; >> <§§13) - Tlgugg')) — CZTlgzil(s) =0.

The system (8) contains functions with the argument t — 75 (¢) € [—T,0] for t € [0, T].
The system (9) contains functions with the argument t — 7y3(t) € [—T,0] for t € [0, T]. If (8)
and (9) are satisfied, then (7) is also satisfied.

Remark 2. The choice of t— Ty, (t) € [—T,0] follows from the next reasoning: Let T be the
period of the solution. We notice that all the arguments of the unknown functions are t — Ty,

that is, ﬂ) = ﬁ(m) (t — Tgm ). Therefore, we must look for a solution on the initial set, that is,
fort — T, (t) € [10; 0], where 19 = min{t — 7, (t) : t € [0, T|}. Since 1 — dty,,(t)/dt >0,
then t — Ty, (t) is an increasing function. We have proved that if the trajectories are T-periodic,
then Ty, (t) is T-periodic too.

It follows that —T — Tkm(—T) <0-— Tkm(o) & =T — Ty (O) < _Tkm(o) < Tkm (0) <
T — Ty, (0) and then 0 — 7, (0) <t — Ty () < T — Ty (T) = T — T4y (0) = 0. Consequently,
—T <t — Ty (t) < 0. Therefore, the functions t — T, (¢) : [0, T] — [—T,0], which means

that 79 = —T, and we put f — T, (t) = 0 € [—T,0]. The arguments of the unknown
2 2 3 3
functions Zt)( I ;( )(9), ﬁ( ) ﬂ}( )(9) belong to [—T,0].

After the transformations given in Appendix A, we obtain from (8) and (9) the initial
equations:

2
p2(t—123)"

g02(t —T3) = 2¢2(t — T23)).t2(t — T23)tg/\2(t —Tp3) — 202(t—) 9, (1 —T23) , (10-1)

pn(t—T23)

. : .2 .
20y (t=mp3) Ao (t—To3) +p2(t—T23) @y (t—Tp3) sin Ap (t—Tp3) cos Ao (t—To3)

p2(t—123)
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for the second particle and
. . .2
Pyt = T22) = pa(t = T52) 93 (£ — Ta) cos? As(t — T32) + pa(t — T2) As (t = T32) — 5,
§3(t = T32) = 295(t — T2) A3 (t — Ta2) g3 (t — T32) — zps(t;ﬁi)—q%it)_m) ’ (10-2)
As(t — 13) = _ 2p3(t=Ti) A (E=Tap) 43 (t—Tap) @3 (= Tap) sin Aa (—Tap) cO5 A (t— )

p3(t—132)
for the third particle.

The reasoning from Remark 2 implies that we look for a solution (10-1) and (10-2) on
the interval [—T,0].

The existence-uniqueness result for (10 — n) (1 = 1, 2) can be obtained as in [19] in the
functional space Mrz0 X M¢20 X M,720 X MrsO X M¢3O X M,730, where

My," = {720(-) € Cr®[-T,0]: ‘Vzo(m)(t)‘ < W Roet=T0); 1o (—T) = 199(0) = 0}/
$20(.) € Cr*[-T,0] : ‘4’20(’”)('?)’ < w,"® et T, oo (—T) = o0 (0) = 0},
0 (0] < w, M@ LeH 1T, g (~T) = 10 (0) = 0},

r30(.) € Cr *®[-T,0] : ‘r30 (m)(f)‘ < w3 "Raet T pao(—T) = 130(0) = 0},

930 € Cr ®[=T,0]: [gs0 ) (1)] < w5 "@ae=T1), o (~T) = g (0) = 0},
quo = {7730 € Cr ®[-T,0]: ’7730 (m)(t)‘ < w3 ™3t (7T, 130 (—T) = 1730(0 }
as fixed points of the operators

t
B?’z (7’2,472, 172/1’3/ (P3I 173 f G}’Z dS - t+T f Grz ds te [ TIO]I
-T

t
Br3(72,4)2,772,7’3,473,7]3 - f GT3 ds - t+T f G dS te[ TIO]I

t
By, (r2, 2, 112,13, 93,13) (t) := [ G, (s)ds — t”f Gy, (s)ds, t € [-T,0],
7

t
By, (r2, 2,112, 73, $3,113) (1) := f Grs(s)ds —

t
By, (12, 02,12, 73,93, 113) (t) := [ Gy,(s)ds —
°r

t
By (12, 2,112, 13, 3, 113) (t) = f Gy (s)ds —

‘
15
O

Gry(s)ds, t € [-T,0],

|
~

47
bﬂ
—o

Gy, (s)ds, t € [-T,0],

|
~

~E
b\]
—o

Gys(s)ds, t € [-T,0].

|
~

It is easy to verify that

— 0 0 0
B()(-T) = [ Guls)ds - %/ Gr(s)ds =0= [ Gy, (s)ds - %/ Gy, (s)ds = By, (.)(0)
-T -T -T _

and so on. Then, we take the solutions as the initial functions ry(t), ¢20(t), 1720(t), 730(t),
¢30(t), n30(t) for the basic equations below.

3. Basic Equations in Spherical Coordinates

We note that P23 = q)z(f) — (p3(t — T23), P32 = §03(t) — gl)z(f — ng).
From (2)—(4), one obtains, in Appendix B, the final form of the equations of motion of
the second and third particles:
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balt) = 2

—(23) H(B)
. . -
eey _ exe3 pa(t)—pa(t—T23)(cos P23 cOs Ap(t) cos A3 (t—Tp3) +sin Aa(¢) sin A3 (t—123)) _
my cpy 2(t) my c3 31y3 3
__epe3 P3(cos @3 cos Ap(#) cos Az (F—To3)+sin Ay (¢) sin A3 (—123)) +03 (E—T23) 3 (£ —T23) Sin @23 cos Ap (#) cos Az (F—Tn3)
my cty3
_epez para(sinAp(F) cos Az (E—Ta3) —cos @az sin Az (t—Tas) cos Az (1) €& B,(H)
mz A1

my 3 7

—(23) ;)(3)
. ¢ u
o, (1) = 22 p3(t—T3) sin @23 cos A3 (t—Tp3) +
P2 " T3 302(¢) cos A2 (1) &
_'_ﬁa(f*Tza) cos A3 (t—Ta3) sin @3+p3(t—T3) P3(t—Ta3) cOS A3 (t—To3) cOs P23
c41a3pa (t) cos Ay (t)
p3(t—To3) A3(t—Tp3) sin A3 (t—Tp3) singps (8 |
cA3pa (1) cos Az (t) S|
—(23) -,(3)
() (eosta(t—m) \© "
by __ epe3 p3(t—T23) cos o3 sin Ay (t) cos A3 (t—To3
/\Z(t) = my 313 3 3p; =+
_‘_%m(cosq)zg, c0os Az (t—Tp3) sin Ay (t) —sin Az (t—Tp3) cos A (t))+p3 @3 sin ¢p3 sin Ay (t) cos A3 (t—123) +
1y C4Tz3p2(t)
NCL) —03A3(cos @3 8in Ao (#) sin Az (t—T23)+c0s Ap (F) cos A3 (E—Tp3) . é Ao(t) .
my ctsp(t) my 3 7
where
<a(32) 9(2)
. . S
5. (t) = 84 1 _ ege3 p3(t)—pa(t—Ta2)(cos @ap cos Ap(E—Tp) cos A3 (t) +sin Ay (E—T3p) sin A3 (t))
P3 m3 cp3 2(t) M3 e A5 3
__ezen ‘bz(COS (32 COS /\2(t—T32)COS/\3(t)+Sin/\2(f—T32) sin)\g(t))+p2(t—732)¢2(t—"r32) sin @3p COS)\z(f—ng) COS)\3(t)
ms3 C4T23
_ezey pa(t—T3) Ap(t—Tap) (sin A3 (t) cos Ap (t—T3p) —c0s @3p 5in A (t—Tap) cos Az (t))
msg C4T23

g P,
mz 3 7

<a(32) 4(2)>
¢ u

_ ezep [ p2(t—T3p) sin @3p cos Ay (£ —T3p) +
P3 = s T3 3p3 (1) cos A3 (1)

_i_ﬁz(f*Tsz) cos Ay (t—T3)

co

sin 3 +po (—T32) @y (E—T32) cOS Ap (t—T3p) cOs @3p
A 13003 cos A3 (t)
p2(t—T3)Aa (t—T30) sin A (t—Tap) singsy  §'5(t) |,
C4T32p3 cos )\3 (t) c3 4
—(32) ,(2)
=) (eosrat—t) \* "
by __ ezep Pa(t—T52) cos @3p sin A3 (#) cos Ap (—13
As(t) = ms Stz 3 3ps(t) +
4 36 03(cos @33 cos Ay (t—T3p) sin Az () —sin Ap (t—T3p) cos Az (t)) 402 (t—T32) P (t—T32) sin @3y sin A3(t) cos Ay (t—T3p)
mac3 cT3p3(t)
4+ a8 —p2(t—Ta2) A2 (t—Tap) (cOs @az sin Ap (t—Tzp) sin A3 (H)+cos Ay (t—Tap) cos Ag(t) € 'Xs(f).
mac3 cT303(t)
and

m3 3
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(32) -.(2)

-\
¢ u

= [pa(t) cos(gs(t) — @2t — T32) cos A3 (t) cos A (t — T32) + p3(t) sin A3 (t) sin Az (t — T32) — p2(t — T32)] 05 (t — T32) +
+ sin(<p3(t) — (pz(t — ng)) Ccos )Lg(t) Ccos )Lz(t — T32)p2(i’ — T32)p3(t)¢2(t — ng)-‘r
+[sin /\3(f) cos /\z(t — ng) — COS(q}g(t) — (pz(t — T32)) sin )Lz(t - ng) cos Ag(f)]pz(f — ng)pg(t)j\z(t — ng).

After the substitution,
t t t
Pn ="n, (Pn = ¢Pn, An = 1n (n=2,3) = Pn(t) = Pno + /rn(s)ds, Pn = Pno +/¢n(s)d51 An = Ano + /Wn(s)ds
0 0 0
the system of equations of motion of the second and third particles can be rewritten as

exe; 1 epez p2—p3(cos @3 cos A cos A3+sin A sin Az) <
my cpy 2 1y c3 3133

rp =

_epe3 73(cos @a3 cos Ap cos Az +sin A sin )\3)+p3¢3 sin @23 cos Ay cos A3 +p3773(sin Ax cos A3 —cos o3 sinAzcos Ap) e% Fp G

my A1 my 3 — s

()

=
u

< E(ZS) >
47 _ ee3 | p3 sin ¢p3 cos A3 + 73 cos Az sin goz3+p3¢3 COS3 COS 3 —P317]3 Sin A3 sin o3 _ &
2 my Tp3 3pp cos Ay b 4302 cos Ay c3

= G¢2;

—5(23) -,3)
. &
__ epe3 03CO8 @o38inAp cos Az +
M2 = ", g 3 32

408 73(cos @23 cos A3 sin Ay —sin A3 cos A2)+p3¢3 sin a3 sin Ay cos A3 —p3773(cos g3 sin Ap sin A3 +cosAycos Az e% My _
1My A 1302 my 3
(32) 9(2>>

¢ u
eze; 1 ees 03—p2(Cos @3 cos Ay cos Az+sin Ay sin Az) <
mz cpz 2 mg 3 SBT3 3

13 =

e3eo 72(cos 3y cos Ay cos Az+sin Ap sin )\3)+p2¢2 sin @3 cos Ay cos A3+pa1], (sin Az cos Ay —cos @3 sin A cos Az) e% 3 _ Go.:
ms C4T23 m3 3 — M3
—(32) -,(2)

¢ u

47 _ee [ p sin g3 cos Ap < > + 79 cos A sin @3 +p2¢2 COS COS P32 —P21], SIN Ay sin @3p . & =Gy -
3 ms3 T3 3p3 cos A3 b 1303 cos A3 c3 $3

—(32) ()
¢

__ e3ep 02.COS @3 Sin Az cos Ap +
M3 = s Oy 3 P

4 36 73(cos @3p cos Ap sin A3 —sin Ay cos A3) +02¢, Sin @3 sin A3 cos Az — 0217, (COS @3 sin Ay sin A3 4-cos Ay cos A3 iy G
m353 CT3203 mg3 3 13-

Further on, we refer to the above system as a (BS)—basic system. It is a first-order
neutral system with respect to spherical velocities.

4. Introducing Function Spaces and Some Auxiliary Propositions

It is proved that for Lipschitz continuous T-periodic trajectories, each of the functional
equations,
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3 2 3 2
T(t) = 1J Y [P ) -t —ma(0)] () = 1J ERIOEERIGE 0N
=1
has a unique T-periodic solution.

By Cr [0, c0), we denote the set of all infinitely differentiable functions, satisfying the
condition 7(—T) = r(0) = 0. We introduce the following sets, where 0 < 6 < %, > w >0
are strictly positive constants, 7(") means the m-th derivative of r and r(0) (t) = r(t).
Then, we introduce the following function spaces:

Tieta

n (m)(t)‘ < wy "Ryet (=T 1, (0>(Tk) =0; f 1 (s)ds = o} , t € [Tx, Teia);
T

M,, = {rn € Cr®[0,00) :

(m) _ 7 (m)
By (1, ) = sup{ In 2O O gm0 ¢ € [, w};

My, = {¢n € Cr °[0,00) :

Tyiq
47n (m)(t)‘ S Wy mcbney(fiTk)/ f 47“ (S)ds = T¢nU}r te [Tk/ Tk+l]}
Tk

_ " (m) (¢ 7771 (m) (¢ o
A(jem) (Pn, P,,) = SHP{ Wé’ ME-T) : te [TkerJrl]}}

Ties1 t
My, = {7],, € Cr[0,00) : [ " (1) < ™Yok gy O(TL) = 0; [ pa(s)ds = 0; | [ (s)ds| < § —5}, t € [T, Teals
Ty T
_ W ) (¢ T mypy|
Ay (1, 7,) = SUP{ lq(w),liza()l ™ Tk+1]}

(k=0,1,2,... ), (m=0,1,2,...),(n=2,3).
Here, wy, Ry, @y, Yy (n =2,3) and p are strictly positive constants, such that y > wy,.
We consider the product of uniform spaces, My, X Mg, x My, X My, X Mg, x My,,
endowed with the countable family of pseudo-metrics:
d(k,m) ((7’2, (PZ/ 772/ r3, (P3/ 773 )/ <?2/ &2/ ﬁzr ?3/ &3/ ﬁ?,)) -
= d(im)y (r2,72) + ) (P2, P2) + A (sem) (12, 72) + () (13, 73) + A (iomy (93, P3) + diom) (13, 773)

where the index set A consists of all ordered pairs (k, m).

T t
Lemma 1 ([201D). If ru(.) € Cr ®[0,00) and [ r,(t)dt =0, then, pu(t) = puo + [ ru(s)ds
0

0
(n = 2,3) is a T-periodic function. In addition,

t+T t Tt
p2(t+T) = g0+ [ $a(s)ds =o0+ [ Po2(s)ds + [ Pa(s)ds = @a(t) + ¢20T = @a(t) + 27 =

0 0 Tk
= cos ¢a(t + T) = cos(¢a(t) + 27) = cos o (t)

t+T7T23(t) t7T23(t) t7T23(t)+T
p3(t+T—3(t+T)) = ga(t+T—3(t)) =20+ [ ¢s(s)ds =pao+ [ @s(s)ds+ [  ¢s(s)ds =
0 0 t=Ta3(t)

= @3(t —3) + P30T = @3(t — T3) + 271 =
cos p3(t+T — 3(t+ T)) = cos(g3(t — To3) + 271) = cos p3(t — 23)

It follows that the right-hand sides of the equations of (BS) are T-periodic functions.
Lemma 2. The distances p,(t), (n = 2,3) are bounded functions.

Proof. For sufficiently large 1 > 0 and uT = const. > 0, we obtain

t t
et —1 Ry(e'T —1 RyetT
pn(t) ZPnO_/VzX(S)‘dS ZPnO_Rn/eysdszpnO_Rn ZPnO_M > Pno — g
0 0 H H H

0,>0, (n=2,3).
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In a similar way, we infer

A N
pn(t)gpno+/|rn(s)|dsgpno+Rn/e”Sds§pno+Rne . =p,>0, (n=2,3).

Finally, p,, < p,, since e*T —1 > 0.
Lemma 2 is thus proved. [

T
Lemma 3. If [ ¢ (t)dt = $uoT (Pno > 0), (n = 2,3), then tli_)m @n(t) = 0.
0 oo

Tin
Proof. Letussets+ T = p. Then, we obtamfcpn s)ds = f Pu(p)dp=...= [ ¢u(p)dp
Tie
[ T+l
Therefore, Jim on(t) = Jim <<p,,0 + f Pn (s)ds> =g+ ¥ j Pu(s)ds = @uo + Tpno z 1=co.
—00 —00 0 k=0 T k=1

Lemma 3 is thus proved. [
Lemma 4. The sets M;,, My, , My, (n = 2,3) are closed.

For the proof, cf. [19].
The following assertions give a qualitative estimate of the electron orbits.

Lemma 5. The following inequality is valid:
= |cos @, cos @3 cos Ap cos Az + sin @y sin @3 cos Ay cos Az + sin Ay sin Az| < 1.

Proof.
A = |cos Ay cos Az cos(@p — @3) +sin Ay sinAz| =

_ cos(/\zf/\3)wztcos(?\z+)\3) COS((pZ . 4)3) + cos(A27A3);cos(/\2+/\3) _

— COS()\Z*M)[HCOS(sz*fPs)];COS(/\2+/\3)[1*COS(¢P2*<P3)] ’ _

= %’2(:052 2293 cos(Ay — Az) — 2sin? L2522 cos(Ap + )Lg)’ < cos? L2592 4 gin? 920 — 1,

Lemma 6. The following inequalities are valid:
(T
020 — p30] = (Ra + R3) “=1 < p3(t), p32(t) < p20 + p3o + (Ra + Rs)

eVT

Proof. Since p(t) = pao + f ra(s)ds, p3(t) = pao + f r3(s)ds, then, in view of Lemma 2,

p23(t) = \/(pz COS 3 COS Ay — P30S @3 €S A3)% + (02 sin o cos Ay — p3 sin @3 cos A3)? 4 (p2 sin Ay — p3sin A3)? <
< VP2 24037+ 200054 < /02 T+ p3 2+ 20005 =pa(t) + p3(t) < pao + p30 + (Ra + Ra) oL

and

p23(t) = \/(pz COS @ COS Ay — P30S @3 c0s A3)* + (02 Sin o cos Ay — p3 sin @3 cos A3)? + (p2sin Ay — p3sin Az)? >
> /02 7+ 032 = 202054 > \/p2 T3 % — 20205 = | p2 — p3| > |20 — 30| — (Ra + R) &L

which completes the proof. [

Lemma 7. The following inequalities are valid:



AppliedMath 2024, 4

623

t t t—=Ty3 t t—Tp3
o2(F)—pa(t—)] po2—pos+ [ r2(s)ds— [ r3(s)ds— [ r3(s)ds|  |poz—pos|—(Ra+Rs) [eM*ds—| [ r3(s)ds
P2(t)=p3(t=T3)| _ 0 0 t 0 t
T3 > . = c > c >
1902 —p03 |~ (Ro-+Ra) €121 Ry 1 723) el BTt ot P
002003 2+ R3) = 3 7 leo2—po3|— (R2+R3) T —Rjzel 0 ‘
> >
2 c = c z
T T T T T T
> |P02*P03\*R26VT*1*R38VT*1*R3% _ \902*.003\*1{2;#771*1{3% > \Poz*P03|*(CR2+R3)% — % -0
and
t t t—13p t t—13p
o) —palt—2)] po3—poz+ [ r3(s)ds— [ ra(s)ds— [ ra(s)ds lpos—poz| —(Rp+R3) [ e'*ds—| [ ra(s)ds
palt)=p2(t=T32)| _ 0 0 t 0 t
32 2 o = c > c >
003 —p02| —(Rg+Ry) €1 =1 R et T32) _nt M1 te P21
pos—Poz2| = {RsK2) 2 Z loos —poz| = (R3+Rz) “——Roe!' | =— ‘
> >
2 c = c 2
uT _ uT _ uT uT _ uT uT
> |P03*Poz\*R3eTlc*Rz%*R287 _ \Poa*Poz\*RiTl*Rz% > \POZ*P03|*(CR2+R3)67 _ % <0
for sufficiently large y > 0 and uT = const. > 0.  The above inequalities imply that
lo2(t) — p3(t — 3)|, |p3(t) — p2(t — T32)| are strictly positive, which completes the proof.
1 c 1 c
Remark 3. Clearly, ™ < % T <5
5. Introducing Operators and the Main Lemma
Prior to the formulation and proving of the Main Lemma, we give the compatibility
condition (CC), which implies the continuity of solution for neutral equations: the initial
functions satisfy the following relations:
/ — &0 1
r20(0) = 3 cpao 2(0)

_epez 20(0) —p30(—123(0)) (cos a3 cos Ao (0) cos Azg(—T23(0))+sin Az9(0) sin Azp(—123(0))) < ¢

Ju

(23) ;,(3) >

my c3

03 T3 3

_epes 730(=123(0)) (cos @3 cos Ao (0) cos Azp(—T23(0))+sin Ax(0) sin Azo (=723 (0)))

my 4 T3

 eges p30(—123(0)) 3 (—T23(0)) sin @a3 cos Az (0) cos Azp(—T23(0))
nmy C4T23

_exez p30(—123(0))7739 (—T23(0)) (sin A2 (0) cos Agg (—123(0)) —cos @3 sin Agp(—T23(0)) cos Az (0)) €3 2p(0) =

My ct 3

my C3 G72 (O)’

where @3 = ¢2(0) — ¢3(—13(0)) and so on.
Define an operator B acting on My, X My, X My, X My, X My, X My, by the formulas
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T Tit Tk+1 p
" [G(s)ds = (5% =1) [ Gue)is—} | [ Guls)isdp, t € [T, Tesa]
By, (r2, 42,12, 13, ¢3,13)(t) 1= < Tk T Tie T ;
r3(t) = r30(t), 3(t) = Pao(t), 13(t) = n30(t), t € [-T,0]
T . Tji1 Tk 1
® P20 + fG¢z s)ds — (T" - i) [ Gp(s)ds—1 | fG¢z(S dsdp, t € [Ty, Ty 1]
B‘P2 (72,¢72,772,73,(P3,173)(t) = T Tk Ty ;

r3(t) = r30(t), <P3(f) = ¢3o(t), 13(t) = n30(t), t € [=T,0]

Tk+1 p

© fGrs s)ds — (ﬂ - *) f Gry (s 7 | [ Gn(s)dsdp,t € [Ty, Ty
By, (r2, 92,112,713, ¢3,113) () = Ty Ti ;
r3(t) = r30(t), ¢3( ) = ¢ao(t), n3(t) = n30(t), t € [-T,0]
t T Tk+l p
" [ Gryls)ds — (1) f Gry(s)ds = § | [ Gry(s)dsdp, t € [Ty, T
By (r2, 42, 12,13, ¢3,173) (£) 1= Tk Te Tk

;

ra(t) = ra0(t), Pa(t ) = ¢o0(t), 12(t) = m20(t), t € [-T,0]

T Tya . Tira p
® <P30+fG4>3 s)ds — (1) f Gps(s)ds — 1 | | Gps(s)dsdp,
B¢3 (7’2, ¢2/ 772/ r3, 4)31 173)(t) = T Ti te [Tk/ Tk+1];

rz(f) = 120(t), P2(t) = oot )/772( ) =m0(t), t € [-T,0]
Tk+1
fGWS s)ds — (%_%) / Gy,
T
ra(t) = ra0(t), p2(t) = dao(t), m2(t) = ’720( ), t€[-T,0]
where t € [Tker+1]r Tk = kT (k = 0,1,2,...), G‘PZ = G¢2(1’2,(P2,112,1’3,¢3,173), G’?Z =
Gyp (12, 92,112,713, 93,113), Grs = Gry(r2, 02,112,713, ¢03,113), G, = Gy (r2, 2, 12,73, $3,113),

Gy; = Gy (r2, 92,12, 73, ¢3,173) and the initial functions 7,,(t), ¢no(t), 70 (t), (n = 2,3) are
solutions of the system of initial equations.

Tk+1 P
f fGTYS )dsdp, t € [Tk/ Tk+1]

Bi(;é) (721 §b2/ 712/ r3, 473/ 773) (t) =

Remark 4. We notice that in view of the periodicity of Gy, (s), the operator By, (.)(t) is T-periodic
on [0,00) (cf. [20]). The conformity condition (CC) 129(0) = Gy, (0) implies

T T T
Fa(t) = Gy (1) ;O/ $)ds & 2(0) = Gy, (0) — ;O/Grz(s)ds & [Gus)s=0
and
T Tp p
ra(t) = Bg))( )(t) = r2(0) = B,(O)( )(0) %bfGr2 %OfbfGrz(s)dsdp bfGrz(s)dsdp =0

YO0 =Lfc

oHﬂ

12 (8)ds — TffGrz ysdp = 0; BY()(T) = 1 [ Gry(s)ds —
0

But Gy, (s) isa T- periodic function. Therefore, one can extend the result for every k = 1,2, ..

Tiea Ta
thatis, [ Gy,(s)ds= [ f Gy, (s)dsdp = 0.
T, T, T,

We need the following inequalities:
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—(23) -3 —(23) —(23) - (3) -, (3) -
<§ U >§ <§ & > <7 i gcrzg,\/p32+p32¢3Zcoszz\3+p32A32:
= T3 \/7’3 2 4 03 23 20082 A3 + p3 2175 2 < crpswsel = Ti) \/R3 2 + p3 2R3 2 + p3 2Y3 2 < ecmpawzet =T

(32) (2 (32) —(32) - (2) -(2) -
<E I; >§ <E /E > <; ,; >SCT32\/p22+p22¢22C082/\2+p22)\22_

= T3 \/1’3 2 4 03 2473 2 cos? Az +p3 2173 2 < CT32w2€V(t_Tk) \/Rz 24 02 2R2 24 02 ZYZ 2L ECT32602€I’[(t_Tk)

In addition, the condition (C) implies <ﬁ(n), Z(n)> =1y 2+ Pn 2P 2co8? Ay + n 2 2 <

02400 2@y 2+ 0, 2Y, 2 <P <2, (n=2,3).

Lemma 8. The following inequalities are valid:

f |ezel| 1 \ezeg\ temzwzet - )p2+p3 + \3283\ |r3|+’¢393‘+|'73p3 3 ‘7‘ | ds
myc 5 2 myp g T23 c 3 m2c3 2

3AZ 3 = Ty 3A? = o

t _
< leoed] I ( 1 CWS(P2+P3+3A) 4+ @ 2Rz>eH(S—Tk)ds
k

< leaer | ( 1 + tws(patp3+34) 4@ 2R2> et =T |
cp

Tk+1

[ Gy, (s)ds

Ty

t _ ; ; _ =
< |ezes| f p3cWs3 |7’3|+‘P3¢3‘+|P3773 + )%’ el (6—Te) dg < |e2es] cws(p5+34) 492 20y \ M- Th)
= m 1y3 2pp cos Ay 41302 cOs Ay M2\ o,c3A2 cos(1/2—4) c3 w7

my 52 2A2 U

cw3(pptpa+38) | wy 2Ry \ efT—1
< leal (1 + cws(prt+pat 4+ @2 R e .
= & 3 ’

t
f G4>2 ds

Ty
Ties1

f G¢2 ds
Tie

¢ ) . . -
f patwset*~Tk) |r3|+’p3¢3‘+|p3173| + wz Yz M 6=Tk) g < leses| [ cws paeT+34 4w 2y, \ et(t=Tp) |
13 20y 4302 iy o p,A? = W

< leaes] Cws (p4+3A) 4@ 2P, \ e#T—1,
= M2\ Y0,c3A2 cos(rr/2—6) e o

<

€3
my

t

[ Gipds
Ty
Tiepr

J Gy,ds
Ty

< lees Gws P3¢ +30 4+ @ 2Yy \ etT—1,
— my 3 /‘(_)\ZAZ 3 w o’

s)ds

leer | 1 Cwa(potpst3D) | wy 2Ry \ et-Tk) |
S M3\ cp, 2 + c2A? + c3 woo

IN

ms 2A2 c wo’

eaer | ( 1y twy(p,+p3+3A) + @ §R3> ehT—1,
cpy?

IN

J Ggsds

_ = t
3A 2 T_
< laal <A C;Uzz(pﬁ ) w363©3> “ | [ Grads
3\ p33AZcos(mt/2-6) " T,

lezes] cwa(p,138) ws 203 | T,
M3\ ‘05c3A2 cos(rt/2—8) e B

Ty11

f G4>3 ds
Ty

< leses| ((Twy poetTH38 | w3y | T
ST\ o O o
p3l

Tyea
/ Gy, ds
T

< lezes] ((zw, ppetT 438 + @s 2Ys ) etT—1
— m3 3 /ESAZ c3 wo

Lemma 9 (Main Lemma). Let the compatibility condition (CC) be satisfied. The periodic problem
for the system (BS) has a solution (12, ¢2, 12,73, $3,113) €My, X Mg, X My, X My, X Mg, x My,
if the operator B has a fixed point belonging to My, X Mgy, X My, X My, X Mg, X My;.

Proof. Let the system (BS) have a solution belonging to My, x My, X My, X My, X Mg, x My,.
O
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We show that B = (B,z, Bg,, By, Brs, By, B,73) possesses a fixed point belonging to
M,, x Mth X M,72 X My, X My, X My,. Indeed, integrating the first equation of (BS), we

f Gr,(s)ds, and therefore, in view of Remark 4, one obtains

obtain r, (¢
t Tiyq Tk+1
t—T, 1
£ = /Gr2(s)ds - ( k- 2) / Gy, (s)ds — — / /Gr2 Vdsdp,
Ty Ty T, T
that i 15,1 = Bi’z (7"2, 4)2/ 12,73, 4’3/ ’73)
Tir1
For the second component ¢, we have [ Gy, (s)ds = 0. Therefore,
Ty
Ti1 Ties1 Ti1
¢2(Ti1) = ¢2(Te) + / Gy (s)ds < po2 = po2 + / Gy (s)ds = / Gy (s)ds = 0.
Ty Ty Tk

- )MG s)ds. In th
| Gg,(s)ds. In the same way,

Therefore, 5 (t) = o2 + f Gy, (s)ds — ( .

Tis1 p Ti1 Tetn Ti+1 T Tkt Tita
| [Gp(s)dsdp= [ [ Gg,(s)dpds = [ (Tiy1 —5)Gy,(s)ds =Tip1 [ Gy, (s)ds — [ sGg,(s)ds =— [ sGg,(s)ds =
Tie Ty T s Tk T T T
Tkt 0 (s) Tkt Tit1 Ty
— [ s™B&ds = — [ sdga(s) = —~Tear9a(Tesr) + Tega(To) + [ pa(s)ds = —Tgpoo + Tpoa(Te) + [ ¢a(s)ds = —Tpon + T = 0.
Ty Tk Tk Tk
Therefore,

Typ1 p

t Ti1
— T 1 1
020) =gt [ Gu(olds — (=3 [ Gpoits = 1 [ [ Gty
Tk Tk Tk Tk

which means ¢ = B¢2 (1’2, $2, 12,713, P3, 173)
Repeating the same reasoning, we obtain

N2 = Bﬂz (7’2, 472/ 2,73, 473/ 773)/ r3 = B1’3 (7’2/ 472/ H2,73, 4)3/ 773)/
¢3 = Bys (12, $2, 112,73, $3,113), 113 = By (ra, 2, 112,73, ¢3,73))-
Conversely, let (12, ¢2, 172,73, ¢3,173) € My, X My, X My, X My, x My, x My, be a fixed
point of B. Then,

Tyt s

' - 1\ 17
— 1k
t):/Grz(s)ds —< . —2) / Gra(s)ds — = / /Grz(e)deds.
Tk Tk Tk Tk

gives for t =T

Jotss (B8 3) [ s 1 [ [ +0-1 [ Gsom 1 [ [
2(Te) = [ Gry(s)ds —( L ) Gry(s)ds — = Gr,(0)dods = 0= = [ G, (s Gr, (6)d6ds.
Ty Tx Ty Tk
Tk+1 Tk+l S
But Remark 4 implies [ Gy,(s)ds=0= + [ [ G,,(0)d0ds =0.
Ty T Tk
t
Consequently, r2(t) = [ Gy,(s)ds = 1,(t) = Gy, (t).
Ty

For the remaining components of B, we proceed in the same way.
Lemma 9 is thus proved.
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Tiet1

Ty

6. The Main Result

The main result of the paper is as follows:

Theorem 1 (Main Theorem). Let the compatibility condition (CC) be satisfied, and initial data
be sufficiently small (Appendix C). If the following inequalities are satisfied:

3A2 c3

1) erznzl|< 1 - + Ew3(52+53+3\A\) 4 @ 2R,

CEz

cws(p3+3[A) wy 2®,
+ \€2€1| —
$20 3 A% cos(1t/2—6) e

" 0207

m3 c3A2

) < Ra (4> wy, w3);
) < @y (¢oo > 0);
lesey | (3 p3e}lT+3|A| 4w Yz) etT <Yy;

lesen | (cﬁl o+ twy(potp3+3) + W3C3R3> < Rs;
3

0 + leseq | { Bwr P£+3CA + ws 2% ] < P ((l)g,o > 0)

msc3 | cos(mm/2—90) p5cA?

macd \ 3 c3

e3e Twy poetT+3A 2y, }lT
31|<‘W292A + w3 Y e <Y

@

2

eser] | T0s(p3+318])
yc3 2p, cos(/2—8)A2

myc3 2p,A2

T 3|A
1+evﬂ1)eze1( : +“”3“’2+P3+‘ e Rz) i < @Ry,
wy 2CD;| < wrdy;

w2 2Ys | < wyYs;

- 3 A2
P32 oA

leser | Cwy (Fz+3|A|)
M 2 p 4 cos(m/2—6)A2

(

(1 =57)

(1+ <77 oy [ cws (54318 .
(1 =57)

(1+=77)

(14 2r0) ey wn(p2+318)) +ws2Ys

msc3 2p,A2

then, there exists a unique T-periodic solution

‘63(21‘ 1 n sz(p2+p3+3|A|) n ws 2R3
c2

< w3R3;

+ w3 2®;3 | < wyPs;

< wsY3

(1”2,4)2, 12,73, ¢3, 173) S Mrz X M¢2 X M,72 X M"s X M¢3 X MWSOf(BS).

Principal remark. Let us note that we have infinite number of inequalities in the theorem. The
above inequalities imply that the operator functions and their first derivatives belong to M;, X
My, X My, X Myy X Mgy X My,. It is easy to check that for the third derivatives, we obtain

3

respectively w, * and wy 3 and so on.

Proof. First, we show that B maps the set M;, x My, X My, X M;; X Mg, X My, into itself.

|

From Remark 4, we have Bg‘ )( (Ty) =

Tita

Tk+1 Tei1 s

L [ Gpls)ds — % [ [G(0)dods =0, (k =
Tk T T;

0,1,2,...) And since [ (% — 7) dt = 0, we obtain

Ty

Ty ¢

Ty Tg Ty

Tyi1 6

/ B ()t dt = / /Grz(s)dsdt— 7l<t_TT" - ;) dt 71G72(s)d5— / /Grz(s)dsdG ~0.
Ty

Ty Tg

In addition, in view of p¢ < ¢ and the inequalities from Remark 3, we have
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) Tk+1 Tyqq1 t t Ta
BY ()t ‘<f|G,2 )|ds + |1 f Gry(s)ds+ L [ [ Gpy(s)dsdt| = [ |G, (s)|ds+| [ Gyy(s)ds| <
Ty Tk Ty Ty
-T Bws(pytp +3A) 2R 1, e#T—1
< 0T [l (L o Pl g ente ) (04 021 ) <
_ 3A T _
< e(t=Tx) |2§é| i_i_lgws(l’?;gs* )+w2C2R2 % < R2eﬂ(t Ti)
For the second component of B, we have
) . Tiea Tk+1 s
B¢2 ()(Tk) =¢n+5 f G¢2(. )dS — f IGKPZ )d@dS = ¢o2, (k = 0,1,2,...),‘
T Ty Ty
Tiet1 Tyi1 t I Ths1 Tyt t
/ Byt ()(£)dt = Tga+ [ [ Gpy(s)d f( L — 1 [ Grn(s)ds = | J Gos(s)dsdt = Tgon
Tk Tk k Tk Tk
and
Tiy1

5 T
< o (t=Ti) b2 + |3263‘ Buws pi"’_ 3cA + Wy 2q>2 i < (bzg;l(fka).
myc® \ cos(rt/2 —9) 0,cA2 W

/ G¢2 dS

For the third component of B, we obtain

1B () ()] <<P02+/|G¢z )|ds +

Tit1 T T
B(k) ‘ ‘G ]ds+ Gy, (s)ds| < oM (t=Ty) ) lezeq| [ cws p3eF +3|A| 22, \ e < Yool (t=To).,
772 128 712 m 3 5 C3 2
T Ty 2 [ "

For the remaining three components of B, we have

B(k)(.)( )‘ < M(t=Ti) 33€1|< 1 Bwa (ot pat3) 4+ w3 R3> < Rgel(t=To);

3 mac \ p,2 c2A? c2
(k) T, t-Ty) lesen] Bwy  pp+3eA 2 T,
B 0] < eHt T guy et To ot | _fen o 28 cp} < et T,

sz(52+3|A|)
2p, A2

‘Bf(v?(-)(t)\ <klt=Ty) sty

2Y1 < Y36y(t Te).

For the first-order derivatives of components of B, we obtain

aB® (. T T tws ( pytps+3A
PO <16, ()(O)]+ 3| [ Gra()(s)ds| < et (14 1) Ll i d i )+“’ZC§R2 < wWyRpet (= T0);
Ty 2
By ()(t) Tinn B T tws ( ps+30
| < G (O] + 1 ff Gys (1) (s)ds| < ett Tk)(1+€’ 1)',‘,22' c2p2co(s(73r/2 2) +wp 2Dy | < wyPoettTH);
k
aB® () () T _ T Tws ( py+30e! _
| <G (O®] + 7  Gr())ds < ekt=T) (14 771 ) Loty (C;;ZAz)*“’Z 2Y, | < wyYpeht=T;
k

dBY () (1)

. Tw (P4 p4+3A
< e]/t(thk) <1+ E’;;l) ‘3351‘ |:m12 4 Z(Pz Ps ) + W3C§R3:| < (U3R3e”(t7Tk);

dt m3c 3A?
aBy) ()(6) | _ SH(E—KT) (1 LT 1) eses] | 2 (pa3) o 2] < =T,
dt - msc® | 2, cos(m/2—8) A2 3 73 =03 !
4By () (1) (E=Ty) lezes| | &2 (52+3A) 2 (t—Tx)
483 W) P2 [
dt <et g ‘mac® 2p,A? + w3 73| < w3Ysel :

The estimates for the higher-order derivatives of the components of B are obtained in

Appendix D.
In what follows, we show that operator B is a contractive one in the sense of [8].
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In view of Remark 2, the retarded functions act in the following way:

t—1o3(t) : [T, Tea] = [Th—1, Te), £ — w2(t) < [Th, Teg1) = [Ti—1, Tl

The index set of My, x Mg, X My, X My, X My, X My, is (k, m), wherek,m = 0,1,2, ...
We introduce the following mappings of the index set into itself: j; (k, m) = (k,m), jo(k, m) =
(k—1,m+1), ja(k,m) = (k,m+2).
0G;, 0Gy, 090Gy, 3Gy, 3Gy, 0Gy, 0Gy, 0Gy, Gy, OGy
Denote by 9G,, = max 2 gy st Iy gy’ It W;' W;' arzz}
(cf. Appendix E). Then,

|Br2(72,¢2, 12,73, ¢3,13) — Br, (72,@,%,?3,53,73)! <

< % C Gy, _
<z f| 5 (s)|ds + aq)z f\(ﬂz Py (s )\ds+ 2 f|A2 (s)|ds+v32Tf|p3(sfrz3(s)) —P3(s — 3(s))|ds+

3G, _ aGCr,
+%Tf|sos<s—m<s)>—%(s—rzg(s))\dw;i;Tf\As(s—m(s)) Na(s = Taa(s) s + 2/\r3s—r23(>)—r3<s—r23 )|ds+
k

LG - aGr, bl "
+2 zf (s —13(s)) — Ps(s — 23(s))|ds + a-zf"h(s_rﬁ(s)) 173(5—1’23 ‘ds-q- arz f”’Z ) —Ta(s)|ds <
¢3 n /\3 13 T
= t s
< aai;,zzjf_[f|r2 —7a2(p) e H =T er(P=T) dpds + aa(;rzszTﬂq)z(p) — ¢, (p)|e " P=To)er (=T dpds-+
k Ti

86,— £ S- BEV Lo TZS ) 73
52 )~ T le el Tdpas+ T2 rap) = Tap)le M0 s

aG,, t5T0) . ) aG,, tsT=0) B . .
aq;;f f 93(p) — @3(p) e HP-Teen (P~ T dpds + aAff f n2(p) = T, (p) e # P~ Tt P~ Te) dpds +
+a§;2 f’fs(s —Tp3(s)) — Fa(s — 723(5))‘e—i‘(s—%(S)—Tk)el‘(s‘m( $)=Ti) ds 4 aafp'z f (s —m™3(s)) —$3(5 — Tp3(s)) [ e HE T T e (=) T ds
T 3 T A3
L %n

- . Gy, . il —u(s— s—
a,,z f"?g s —T3(s)) —73(s — T23(S))‘e*”(S*TB(S)*Tk)el‘“’TB(S)*Tk)ds + a.r.zsz‘rQ(s) - rz(s)‘e n(s=Ti) o(s=Te) dg <
k

]t (gV(S—Tzs—Tk) _ 1)ds +

Tic

— d T d P d ¥ d |7
< aG,ZeV(’_Tk){ (k/o)y(;z 72) n (kp)](ﬁz ) I (k,U);ZZ '12)+< (k/())il73 73) + (:’3 $3) + )(:3 '73))

+(“’d(k—1,}ll)(r3r73) 4 “o- 11V(¢3 $3) I “’d<k—1,lu)(’73'73)>fte#(sffzs(5>*Tk)ds+ wzzi(k’z;(rz'rZ)fte?‘(STk>ds} <
Ty Tj

<G, {e?‘“*Tk) <d(k,o)y(2”2r72) ) (9282) 4 Y0 (2772) > I <"’<k,0)('3'73) 4 Y& (:’3@3) 4 Yo (14”3'%)) f'eF(S*Tk)(l — e F3)ds|+

7 2 Z i
_1) WP ()
4ett=To) @ i (d(k 11)(r3,73) +dk_17) (¢3,¢5) +d (k— 11)(’73/’73)) +er(t=Th) % <
< 86726“(’_Tk) |:2d(k,0) (r2/72)+d (1 0) (;ﬁz,%)”(k,o)(ﬂzﬁz) 4 (d(k 11)(r3,73)+d (k1,1 §<P3 $3)+d(k71,1>(’73'ﬁ3)> + Gl 1;21)2(’2’72)}

It follows that

—(k
4(k0) (B(k)(-)/Bgz)(-)) <
< aG?‘z |: d(k O ((er ¢2/ 12,713, 473/ 713)/ (?2/ $2/ ﬁZI ?3/ $3/ ﬁ3)) + %d(kfl,l) ((72/ 472/ 1N2,713, 4)3/ 773)/ (?2/ 52/ ﬁz/ ?3/ 53/ ﬁg)) +
+5 d ) (r2, 92,12, 73, 83, 713), (rz,@,ﬁz,?a,%,%))]

In a similar way, one obtains
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—(k
4(k0) (B(k)(-)/353)(-)) <
< aGT3 |: d(k O ((721 ¢2/ 12,713, 473/ 713)/ (?2/ $2/ ﬁZI ?3/ @3’ ﬁ3)) + ;:Jizd(kfl,l) ((rZI 472/ 1N2,713, ¢3/ 773)/ (?2/ 52/ ﬁz/ ?3/ 53/ ﬁg)) +
+ ) (12, 32112, 75, 83,15), (P2, B o, T2, B3, ) |

Further on, we have

| By, (r2, §2,112, 73,93, 113) — By (T2, 2, 775,73, 3, 773) | <

E)G 9G,
< 55 late) ~pas)ds + 52 [10a(0) ~ o9l + 352 [ate) - Talo)ds 5 Fos(s  wo(6) - s~ et

aG,
a¢4;2f|€03(5—T23(5)) P3(s — o3(s))|ds + afzf|)\3 s —13(5)) — Az(s — 1a3(s))|ds + ¢2f)r3 s —To3(s)) — P3(s — To3(s) ‘ds-i—
T,

G, = aG. . B G,
. =& f (s — 23(s)) — P3(s — T23(s)) |ds + 52 f‘%(s —T3(s)) —75(s — 1'23(5))‘ds + 52 f‘qﬁz( ) — qbz ‘ds <
93 Ty A3 s 7, Ty
’aci lezes|e C3Fs 2w 6¢c + cw _ @
d2 | = macos(/2=0) \ (A—(Rs/u)erT)’ py 2 c*A—(Ra/p)et)py 2 cAA—(Rs/p)erT)p, o2
and so on.
Denoting by B, = By, (72, ¢, 75,73, $3,73), -, Byy = By (T2, P00, 15,73, $3,73), W
obtain

d(k,O) ((BrZ’B‘PZ’BUS’ By, B‘Ps/ B'/3 )s (EQ/EPZ/E%f§f3f§¢3f§'73)) <

2(36,3 +...+a§,,3 )

= = )(Gry +.. 490Gy, ) S
Sz Aoy ((r2, 02,112, 13,93, 113), (F2, $p, T T3, §3,773) ) + T ) i B2d 1y ((r2, 2,112,713, 83,13), (P2, &, 5, T3, $3,773) ) +
2 (3G, +...+9G, o = o =
4 Oy 9C,) 2 Ua)d(k,z)((7’2:472/772/7’3/4’3/773)/(”2r¢2/’72fr3f¢3f773))~
2(3Gy,+...4+9G 3Gy, +...+9G 9G, +...40G .
If w < 3, W < %,, M < % are not satisfied,

then we apply the inequalities from Appendix A and obtain the desired inequalities for a
sufficiently large m € N:

2(0Gy, + ... +0Gy,) L " w(0Gy; + ... +0Gy,) _L w" w?(8Gy, + ... +9Gy,) _
" u 3"y H 3 p?

It is easy to see that the space M;, X My, X My, X My, x My, x My, is (j1,j2,j3)—
bounded and the maps js: A — A (s =1,2,3) are commutative. Then, the operator
(Byy, Bag, B3y, B3¢), in view of the fixed point theorem from [8], has a unique fixed point,
which, in view of the Main Lemma, is a T-periodic solution of (BS).

Theorem 1 is thus proved.

Numerical results
We check the inequalities from the Main Theorem:

W =

tws(p,+ps+3A 2 §T tws(p5+3A 2 ur
|eze | ( 14 cws(po+p3+34) + w2C3Rz) &L < Ry; oo + \Zfal <A cws(p5+34) 4+ @ %)e# < @y,

cp,? a2 po3A2 cos(71/2—5) e

lezes| [ Tws paeT+3A 4 @2 2y, ef‘T <Y,.
my 3 0,02 c3

It is known (cf. [21]) that
en = 1.6 x10719C; my, = 911 x 107%g (n = 2,3); ¢ = 3 x 10%m/ sec; p, ~ p,, = 53 x 10 m;

wy=w3=4x101%, T =20 — 6B ~157x1071%, Amc, 6 =F, ¢oo < Do.
Choosing ¢ = 6 x 101® > w = 4 x 10'° andyT—6x106><1 57 x 10716 = 9.42
> wT = 271, one obtains €942 &~ 1.2 x 104, 2~ = 12x10° 5 10-13,

|2 6x1010
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1T 26 _ 22x10° ~ .
We have (Ry + R3) 4 < 5 = E5gw ~ 0= A= |po2 — pol;

281 %108 n 105310 V13 ) . 165107 R2)2 x 10713 < Ry;

SXIFB3XT0T 1379 10 [pgs —pus + 70w

_ 4><1016(5.3><10’“+3\p02—p03|) £2x10%
62 x 10721 D, | < P — oo
5.6 0 137x5.3x1011 x9x 1016 | pg, —po3|* X 0.5 T omam®2 | = 02— o

—8 4x10'  5.3x10 1 x4.843|0p— pos\ 16x10% 13
2.81 x 10 (mxgxmm 5310 T e T 20 12 )2 1078 < Vs,

Since |p02 —po3| =~ 10_11, then

103 1 1 - o
5.62 6 x 107R, ] 10721 < Ry.
(159 T X102 x10 2 T 411 <108 x10 11 2) ="

For the second inequality, we obtain
5.62 x 10721 (6.5 x 101 +3.7 x 10" + 0.6 x 108<1>2) < @) — Py
Finally, 5.62(1.6 x 1020 + 1.8 x 10!? + 6.107Y,) 107! < Y,.

7. Discussion on the Bohr and Sommerfeld Hypotheses

In accordance with Bohr'’s first hypothesis (cf. [22,23]) both electrons of the He atom move in
circle orbits in a plane on opposite sides. This means that we have the Kepler problem with the
conditions Ay =0, A3 =0, @3(t) = @2(t) + 71, which yield

11
P2(t) — @2t — T3) = oTas & Wi ~ 101033200 ~ 1073,

)~ Pt~ wE ~ 1016M ~ 10~3; andthen,

3(t — m32) — @3 6X10°

(
cos ¢p3 = cos(¢2(t) — @3(t — T3)) = cos(¢a(t) — (Pz(f —T3) — 1) = —cos(ga(t) — @2t — T3)) = —1;
sin@p3 = —sin(g2 — @3(t — 723)) = —sin(@2(t) — @2(t — T23) — 71) = sin(@2(t) — g2 (t — 123)) ~ 0.

(

—(23) -3 3 o [5062) 5,2 ;
Since ( ¢, u = pacos(@p — @3) —1]p5 = —2p205, ( &, u = —2p3p,, the equa-

tions of motion become

2; 2 . . ;
o= @0 1 e 402 713 + _ . _ _ees| P3P ‘Pz
rp = 7 6.3 4 5 ¢y = I +
ma cpz my \ c®1p3 Cc*Tr3 my ¢ my C* o302
2 . . . ph
fp=a 1l oo 4p3° Pz + _ 873, By = B2 P20,€08 932 3
ms cps 2 mz \ 613, 3 64123 my 37 13 m3 A 03 )

This system is a particular case of (BS) and has a unique periodic solution.

The second Bohr hypothesis (cf. [22,23]) is as follows: both electrons move in two different planes
atan angle of 60 degrees. This means that one can choose A, =0, A3 = 71/3 =13 =0, @3(t) = @a(t)
+a > 0, where a will be defined below.

From (BS), the system of equations of motion is

(23) -3
U ) .
fy = @u 1 ot prp3C0s¢n _ epe3 T3COS P3tp3pssingas ¢ i,
my cpy 2 My 3 313 3 My iy my 37/

< (23) -,(3)
¢ u o . .
4) _ ez | P3 sin @23 + 13 SiN @23+P3¢; COS @23 ¢y

my | T3 3p2 c® 302 c
-(32) 5,2
[ _ _ , (11)
1-,3 _ eser 1 epes P3—P2COS ¢33 __ e3ep 2COS P32+p20, sin @32 _ er3.
mz cps 2 ms c 3t 3 ms Ay ms 37

(32) -2
- o . .
L eser | p2sings 2 8in @32 +p2, COS P32 Py
3 = G2 + -3

mz | T3 3p3 c® A303 3|

0 = P2Cospn (3 cos P32 —2p2)F2+sin zp203, + 73 COS P32 +02¢), Sin Pz
T3 2 2c0 c* :
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Equation (11) can be considered as an additional condition for the existence of a periodic
solution. Indeed,

¢ = @2(t) — @3(t —3), @3(t) = @a(t) +a, @23 = @2(t) — 2t — T3) — = —a;
P32 = ¢2(t —32) — @3(t), @3(t) = @2(t) + &, @320 = @2(t — 32) — P2(t) —a ~ —a;

COS 3p = COS &, Sin @3y ~ — sina.

Then, Equation (11) becomes

02 Cos & (03 COS & — 202)72 + P203¢, Sin n 73COS & + P2, sin

0=
T32 2 2c6 ct

For p» = p3 = p = const., one obtains

=0=sina=0=>a=0Va=nmr,

(cosai . 1) ¢, sina

T32 22c2 ct

which confirms the Bohr hypothesis for « = 7r. Then, the equations of motion become

poo— et 1 ees p2(024205)1s ey 73 _ G iy, b, = —aa 20305 ¢z
2 my cp, 2 my 3 203133 my 2ciTy;  mp 37 T2 my \ Aaspy

—wa 1 4 o (34202)72 4 a8 7 3 i, 4)3 _ _@e ( 2P2¢z + ﬁ)

in = _aifn
3 ms cp3 2 m3  2c373 3 ms 2c4 1y ms 37 mz \ ctzps c3

Later, additional assumptions are made by A. Sommerfeld [23], but they turn out, again, to be
a particular case of our equations. We notice that the spin equation for the plane Kepler problem
(investigated in [24]) has solutions with opposite signs.

8. Conclusions

We have obtained conditions for the existence-uniqueness of a periodic solution for the three-
body problem of classical electrodynamics. This includes the He atom and the He-like atoms—for
instance, the Li atom without one electron. We give a new formulation of the retarded action between
moving particles, splitting the equations of motion. As in previous papers, we use an operator
formulation of a periodic problem, and by the fixed point method, we prove the existence-uniqueness
of a periodic solution of the 3D Kepler problem. In this manner, we show the stability of the He atom
in the frame of classical electrodynamics. The same approach can be used for the investigation of
a similar problem for atoms with more complicated structures. As a particular case, we obtain a
confirmation of the hypotheses stated by Bohr and Sommerfeld (cf. [22,23]).
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Appendix A. Derivation of Initial Equations in Spherical Coordinates

We pass to the spherical coordinates, that is, the particle P, (n = 2,3) is located at the point

x1 (M (8) = o, (9)cos (pn(e)cosAn(G)

where p,(0) > 0; ¢u(0) >0; Au(8) € [-F +6,5F — 6], 0 <3 < %, and then the velocities are

uq () = p COS Py COS Ay — Pn 4;,1 sin ¢ cos Ay, — pn):»n COS ¢y sin Ay,
Uy () — p sin @y, cos Ay + pp q)n COS @y COS Ay — Py sin @y sin Ay,
Us (n) = 0, 8IN Ay + o A,, cos Ay
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where p 2) /d#. For the accelerations, we have

11 (1) 0,, COS Py COS Ay — PP, SIN @y COS Ay — Pn%\n Cos ¢ Sin Ay
1y (1) ~ 0,, 8iN @ COS Ay + PP, COS @y COS Ay — P Ay Sin @y sin Ay
i3 (1) 0,,SIN Ay + Ay cos Ay.

In the same manner, we obtain the expressions for the second derivatives (n = 2, 3):

ﬁgn) R 0, CO8 @y COS Ay — @, 0 SIN @y COS Ay — '):L.npn cos @y sin Ay
iién) R p,singy cos“/'\n + @ ,0nCOS8 Py COSAy — Ayppsin @, sinAy
ilgn) R p,sinAy 4+ AypycosAy

The condition (C) implies

=0, 24+ 0229, 2co8? My + 022122 < <2 = @ ~0,

5@ 5@ 52 25 2 ana2 232 5@ 5@ w2 255 2 002 25,2
<u S U =Py 402 7@y “cos” Ay + 02 Ay ;<u ,u >—p2 F 0279, cos Ay +pp Ao %,
Further on, we have
27,0 >f (P( )—x%”(t—m(t)»xé”(t)—xé”(t—ru(t)),xé”(t)—xé”(t—m(t))) -
= <fx§2)(9),fx ), —xP ) —p2 08 P2 COS Ay, —p2 Sin @ cos Ag, —pa sin Az);
e, 8 = (00 - 1 - (), (0 — 1 (- (1), 1) — 20 (- is(1)) =

= (7x1 (8), —xy," (9), 7x33) (&)) = (—p3 cos 3 cos Az, —p3 sin @3 cos Az, —p3 sin A3);

3 3 2
mt) = 1% {xﬁ(t)—xﬁ)(t—ru(t)]z \/z[ Dt —ma(t)] = e2lpel) _ e,

3 2 3 2 -
’L’13(t) = % \/21 {xa])(t) 7x§c3)(t7'(13(t)] = % \/Z [fxiz)(tf’qs(t)] = 7‘03“ 613“)) = {Jséﬂ);

—(21)
¢ = (e e e ) = (C ,éf”> = (P =Vt = (0,1 (0 = {7 (¢ = (0,287 (1) = V(¢ = 1 (1)) e ) =
= (P02 0,2 (1) e );

—(23)
£ = (e, ,6,67) = (é ,éi“)) = (D0 (1), 1 (0) 1 (¢~ 10), 22 () — 10 (¢~ ) ) =

= (p2 cOS @3 cOS Ay — p3 COS P3 COS A3, P2 sin @ cOs Ay — p3 sin @3 cos Az, pasinAy — p3sinAz);

21232 = (02 cos ¢ cos Ay — p3 COS P3 cOS /\3)2 + (p2 sin @2 cos Ay — p3 sin @3 cos )\3)2 + (p2sin Ay — p3sin /\3)2 =

= p2 2+ p3 %2 — 20203[cos Ay cos A3 cos(@z — @3) + sin Ag sin Az);

—(31) )
g0 = (e, e, e, e = (c @f”) = (W00 =Vt = (1), 287 (1) = 2V (= T (8)), 187 (1) = 5 (¢ = T (1), et ) =
= (O 0, ) iewm);

—(32)
g = (&, 607,67 = <§ @f”) = () (= 12), 2 (6) — 2 (1~ 132), 0 0) — 2P~ ), ) =

= (3 cos @3 COS A3 — P COS @3 COS Ay, P3Sin @3 cos A3 — pp sin @2 cos A, p3sin Az — ppsinAy);
2132 (p3 COS (3 COS A3 — P2 COS P COS Az) + (p3 sin @3 cos A3 — pa sin @, cos A2)2 + (p3sin Az — pa sin Az)z =
=022+ p3 2 — 2p203[cos Ay cos Az cos(@y — @3) + sin Ay sin As).
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But

cos Ay cos Az cos(@y — @3) +sinAysinAg =

_ cos(Az—Ag);—cos(Az—&-)\g) COS((pz _ 4)3) + cos(/\z—/\3)5cos()\z+)\3) _

_ cos(/\z—/\3)[1+cos((p2—(p3)]—[cos(z/\2+/\3)—cos(/\z+/\3)cos((pz—(p3)] _

_ cos(Aa—A3)2 cos? @;cos(/\z-&—/\g,)Zsinz 203 < cos? % + sin2 @ 1.
Therefore,

lo2(t) — p3(t — 123)|
C

AP13% = p2 2 4 p3 2 — 20203]c0s A cos Az cos(a — @3) + sin Ay sin Az] > (pp — p3)2 S Tz >

and 3 > los (1) —pa(t—t2)|

C
For the accelerations, we obtain (n = 2,3)

ill (n) _ Cpn COS Py COS Ay — P @, SIN @y COS A —pn)\,, Cos @y, sin A, —c cos @, cos A, ~ 7c2 COS ¢ COS Ay Ql (n)
Oon On - !
ilz (n) _ Cp,, sin ¢, cos A, 40, @, COS @ ; COS Ay — P, Ay SN @y, sin A, —csin @, cos A, ~ cZsin PncosAy QZ (n)
) Pn Pn - 4
. 0, sin A A Ap—csin A 2 si
it (n) — PuSin nt+pn :7:05 ncsin A ¢ 5’1]1:)\,1 = Qs (n) , (n=2,3).

Passing to the spherical coordinates, we obtain

0,,COS @y COS Ay — Pu@P,, SIN @ COS Ay — Py Ay COS P SINA, =

2 cos PnCOSAy .
on 4

. (A1)

0, Sin @y cos Ay + 0,9, COS @y COS Ay — pn}\n sin ¢, sin A, =

= 20,9, sin g, cos A, + 2pn)\n COS @ SIN Ay — 20,9, Au SIN @y SIN Ay + Pup,, 2 COS Py COS Ay + OnAn 2COS @y cOS Ay —

% sin @ cos Ay |

= —20,9, COS ¢, cOS Ay + 2pn2\n sin ¢, sin A, + 2p,1¢,1)\,1 cos @y Sin Ay + P, 2sin @, cos A, + PuAy 2sin @, cos A, — o ;

p,SinA, +p wAnCOS A, = 72pn}\n cos Ay + Pn Ap2sind, — Esin Ay

Pn

We introduce denotations:

P, (n) — 20,9, Sin @y cos Ay, + 2pn)\n Cos ¢y Sin Ay — 20y q')n}xn sin ¢, sin Ay, 4 0,9, 2 cos @ncosAy + pn/\n 2 cos @n COS Ay;
P, = —20,,¢,, €OS @ cOS Ay + 2pn}x,, sin ¢, sin Ay, + 2pn(pn)\n oS @ SinAy + pn @, 2sin @, cos Ay + PnAn 2sin @, cos Ay;
Py (") = —2p, Ay cos Ay + o Ay 2sin Ay

Then, (A1) takes the following form:

0,, COS @ COS Ay — @, 0y SIN @y COS Ay — /.inpn cos g, sinA, = Py () 4 o) (n

=

0,, 8iN @y cOs Ay + @, 0 COS @y COS Ay — }'tnpn sing, sinA, = P, () 4 Q, (),

P, sin Ay + Ayoncos Ay = P3 (1) 4 Qs (1),
To solve the last system with respect to p,,, ¢, , An, we notice that

COS P COSAy  —pPuSiN @, CcOSA,;  —pPy COS @y Sin Ay
SN @, COSA;  PnCOS Py COSA,  —pusin@,sinA, | = pn 2cosAy > 0
sin Ay, 0 0n COS Ay

and then, we obtain the initial equations (n = 2,3):

. . . )
P = PnPy 2 cos? Ay + pnAn 2 ;7,
Do=20 A 20,9,
P = Z(Pn)‘ﬁtg/\n o
A = 20, Autpn, 2sinA, cosA,

n= on .
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Appendix B. Final Form of Basic Equations
_‘>(") _'>(”) . . .
First, we calculate ( u , u =0, 24 On Zq)n 2co8% Ay + On 20, %

—(23) -, .
¢ u = [0z cos(pp — ¢3) cos Ay cos Az + pp sin Ap sin Az — p3]p5+

+p2p3sin(@2 — @3) cos Ay cos Az + p203[sin Ay cos Az — cos(¢2 — ¢3) sin A3 cos A2]As;

-(32) ) ' ' )
¢ u = [03 cos(p3 — ¢2) cos A3 cos Ay + p3sin Azsin Ay — po]p,+

+sin(@3 — @) cos Az cos Axp2p3¢, + [sin Az cos Ay) — cos(@3 — @) sin A, cos As]p2p3As.

Introduce denotations

p2) — GV | g 4 g@red. p() _ (1) 4 5(2) | c@)rad, (€ =1,23).

Then, the system of equations of motion becomes

(

)
-(n) G (n) MOMQ) (n) ul™ (M (n) _ 44(n).
" = (CZ ) Pl _ 1C22 122 _ 1623 p3 = ul ;
, (1), () ) ) ()
Mé”) — _" ng P1<n) + c (ng ) pz(”) _ W C;‘32 pé”) = ué") ;
. (n), (n) (n)  (n) 2_(,n)
af) = —ta pln e pln) €l ) pin) = ) (4 = 2,3).

But
11 () 0,, COS P COS Ay — P @, SIN @y COS Ay — P Ay COS @y SIN A,

1y (1) ~ 0,, sin @y, cos /\.,.1 + Pn @, COS @y cOS Ay — p,,}“\n sin ¢, sin Ay

i3 (1) 0,,SIN Ay + ppAy cos Ay
and since <ﬂ><n>, 7(") > /c% ~ 0, we infer

2
g = () po ) oy .
1 - c2 1 c2 2 c2 3~

() _ _ " pn) =)’ pn) _ ) pn)  pm
UZ == 1c22 Pl + c22 PZ - ZC23 P3 %PZ ’
(), (m) (m),,(n) 2_ ()2
u{V = e p e s pln) | el ) pln o p(M (4 = 2,3)

and therefore,

0,, COS Py COS Ay — PP, SIN @y cOS Ay — PnAn oS @ SN A, = Pl(")

0,, Sin @y oS Ay + P @, COS P COS Ay — P Ay sin @y sin Ay, = Pzn)

0, 8IN Ay + ppAycos Ay = PS(")

Solving the above system with respect to p,,, ¢,,, An, we obtain

= Pl(n) COS @y cOS Ay + PZ(”) sin @, cos Ay + Pé") sin Ay;

(n) . (n)
. =P sing,+P," cos ¢, .
Py = 0n COS Ay 4 . (AZ)

On

7P1(") COS @y Sin Ay, fPZ(") sin @, sin A, +P3(”>

/‘n _ = cos Ay (Tl _ 2]3)
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Recall that @3 = @2(t) — @3(t — T3) and @3 = @2(t — T32) — @3(t), and, in view of
S(23) 40) -32) -,
(23) & u -(3) (32) & u - (2)
G(23) ~ @8 « _ Uy (32) ~ 0203 o Uy .
o myc3d T3 3 c3 3 |’ & msc3 T3 3 c3 13 |7
—(23) -,
@) 1) | ~(23) | ~@)rad _ epe; 2V | epe @\ i 3 (2
— ~ €261 GLa 263 i3 _ Ha _ 2 17 .
B =G+ G+ Gy N o 3 T e | w0 3 T pcd B
-(32) -2
(31) (32) & - (2) 2
p® _ GO | 0D | cOrmd ey & e | & T B
[ o (4 o 3 chry 3 33 T3 3 3 T a3 e
(Dc =1,2, 3)
we transform the right-hand sides of the equations of (A2).
Firstly,
. (2 2) . 2) .
0 =P ) COs @3 cos Ay + Pz( ) sin ¢ cos Ay + Pé ) sinA, =
—(23) -,(3)
epey G ere e (& il g -(2)
— 201 61 263 1 4 ) - 2 g
= COS @7 COS A3 1ok Ty 3 + s Eve = o e 1 +
<~>(23) %(3)>
@) (23) A @)
: e & exe3 193 2 _ & (2)
+sin ¢, cos Az moct 1 3 + moc3 T3 3 e T3 myc3 2 +
<E(23) 17(3)>
21 23 ’ 3
+sinA, | 24 & + ffs & iy g 2| _
2 moct 1 3 mycd T3 3 c3 CT3 myc3 3
—(23) -,(3)
e Cim COSs ¢ cos)\2+§§21) sin ¢, cosAerr';'gm sin Ay er03 (23) (23) .. (23) . &
= 2% r— + i Gy cos@acos Ay + Gy singacos Ay + Gy sinAp e
eres uf) o8 ¢z cos/\z-&-itf) sin @y cosA2+it§3) sin Ay e ((2) -(2) . -(2) .
. - — s (7 cos o cos Ay + 1y " sin @y cos Ay + 1y sin /\2) =
—(23) -,
U
~ ee; 1 exey pa—p3(cos @23 cos Ay cos Az+sin Ap sin Az) .
™ mac py 2 [ 3 313 3
_ees 05 (cos @23 cos Az cos Az +sin A sin A3 ) 403 @5 sin @23 cos A cos A3 +p3)\3(sin A2 cOs A3—c0S @3 sin A 3 cos Az) _ e 0,
1y Jazeny myc3
For the second equation of (A2), we have
E(zs) -0
U
(2) _ ~(21) (23) (2)rad __ ere 17 e | & il 3 (2
Py =G+ Gy + Gy N i Ty 3 + 2 | T3 P s | T v
. —sin (szl(z)+cos q)sz(z) . 1 ereq 7x§2> sin (pz+x£2) Cos @ +
P = 02 cos Ay T pacosAy | myct T 3
—(23) -,(3)
¢ u o) ) (A3)
eres (23) . (23) < 17" sin @p—1iy ' COS @2 ez [-(2) . - (2) -
+ et (*61 sin gy + ¢, cos ¢ a5t 1 ™ 2 f—m;@ Uy singy — Uy cos@y )| =
—(23) -, 3)
<f; i > 5 o . .
_ 1 ese3 | P3Sin @23 cos Az 03 COS A3 sin ¢23+03 P COS3 COS P23 —P3A3 Sin A3 sin @23
Py 3 = + T — §pP2c08 Ay

T p2cosAy myc3 T3

For the third equation of (A2), we have
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Y _ —cosgasinAy p(2) | —singpsinds p(2) | cosAr p(2) _
)\2 = 02 P =+ 02 P + P3 =
< 5(23) ( )
¢ )
_ —eospusindy | e 0 L ee | G0N T /i) | 8 @)
o 02 et Ty 3 mycd T3 3 c3 CTo3 mycd 1
<H(23) -0
[_— )
+m ee Xg) L gzs) [ ﬁ _ g (2 +
02 mact T 3 mpc® | 33 c CTo3 macd 2
<H(23) -0
-
4cosdy | ee x ees | & o HCN .
P2 myct Ty 3 1myc3 T3 ° 3 T3 myc3 3
—-(23) -,(3)
-
eye3 03 COS @23 5in A cos A3 < +
= macd T3 3 30, )
+ exe5 P3(COS @23 cos Az sin Ap—sin A3 cos A2 ) +p3¢5 sin @23 sin Ap cos A3 —p3A3(cos @23 sin A sin A34-cos A; cos A3 . )\
myc3 CTo302 mzc3 2:
Appendix C
Since, in the Main Theorem, |ro(") ‘ (m =1,2,...) should be sufficiently small, we take ‘ro (m) ‘ =

1/u(m=1,2,...), then,

o+ (r,,o —I—frn tz)dt2> dt| =

'm0 + f?’n tl)dtl
Tk T

Tk

ra ()| =

t tl t tl tm—l
Wty + [ [ a0 Pdtadty +...+ [ [ oo [ ra (b)) by, ... dEy
Ty Tk T Tx Ty
[ro @] eH(t=Ti) |r"0 | et(t=Te) 4 4 ;}”’Rney(t T) <

+ %,,Rne”(t’Tk) ~ 71{"614( ),

?

S ‘uze‘uT‘FFEVT“F‘.‘

That means |r,,(t)]| < ‘;—:Rneﬂ(t*m(n =2,3), because 1 § R 0.
<Y o " (W2R et (- T) ,and so on.

D(0)] < et =T, |y @(1)] <

In the same way, |1y,

Appendix D. Estimates for the Higher Derivatives

Assuming  ~ 0, we obtain

<E<W> ;<p>> <E<W> E’(")> <E(W) o) ;(q)>
aty(t) _ ’ _ ’ _ T ~ 2P 1 =1 11
e —(pg) —(pq) SO0 L@\ 20 S\ T 1P <lep=g <3<
c <§ ,G >7<§ U > Ty —( 6 U
4E®) d[xP (1) = (t—3) 5 3 -
’ é{;t = [ a 7} = \ué )(t) - ”é )(t —13)(1 —123)| < 2€.
Then,

_ —(2) =(2
2 n2§c2<c2;<u ),u )>/czz ;

2 4 on 2¢, 2 + On 2y, 2)32y(t7Tk) < wnfey(thk);

. () , ,
> = /i 2+ o 2, 2 052 A+ 2, 2 < o 2

<; il > = \/?n 24 pn ¢ 2cos? Ay + pn 2, 2 < wy 26t (= Th)

<

(n) x(n) o
<u U >§\/rnz‘i‘Pnz(PnzCOSZ)\n"rPnzﬂnzSwn3C€V<t W,lcel o

o
<
Do

Furthermore,
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dszz() _ 4Gy, d(PP cos gy cos Ay + P sin gy cos A+ PP sinAy)
a2 = dt T dt -
= P1 COS 3 COS Ay — ( )cpz sin @y cos Ay — 1< )172 cos ¢ sin Ay +
- (2) - (2)
+P2 sin @ cos Ay + P (pz COS @3 COS Ay — 2( );72 sin @y sin Ay + P3 sin A, + P3( >172 cosApy =
—(23) -,(3)
) o (& (3) 2
_d | ee X L’zﬁz & < > | g (2) _
Todt | mact ™ 3 + T3 3 3 T a3 3 Uq COS @7 COS Ay
< (23) - ( )>
@) (23) o -3
epe; X eye 3 u ez -(2) . .
a3 Tme |3 —am | mzzcg 17" | (¢2sin @y cos Ay + 172 cos @y sin Ay )+
<~>(23) H(3)>
@ (23) % .3)
d | exer X ees 193 L g (2) :
+ dt | myct 1 3 mycd | 33 c3 T3 myc3 L) S ¢ €os Ayt
(2) (23) U
ee1 X ee3 & < > L g - (2) _ : :
Tl 3 T | w3 cm s iy (¢2 cos @p cos Ay — 175 sin @y sin Ay )+
—(23) -,(3)
d | erer 2 exe e (& il & (2
d | eer 3 263 3 _ b | z ;
ert moct Ty 3 m2c3 T3 3 c3 T3 u3 sin Ay +
<ﬁ(z3) J3>>
(2) @ \ & M . (3)
eer X3 ee3 [ I N S T S B g -(2) :
+ MacE T 3 + 2 | w3 P o P Uz " | 2 8In Ay <
5131 “1 e X T +
- m2c4 Tz] H’lzC4 1 4
L /2 50 S(23) 40) ERCOINGE) S(23) 50)
gole @, (& @ (& M )F(E @) ) 2
o6 [ 4 3¢ 13 + 8 _ig wh'ts | e u'(2)+
mycd | T3 3 c3 To3 4 c3 3 3 c3 T3 T3 2 mycd 1
ERCLITY . cen(pr+y+38) + 92 R | (@) + Yy )eh(t=To) 4
mac E 2 A2 c? 2 2
M(Z) uCEs
exey My 3 exe1 Ap 21 +
myct 1 3 myct Ty
L) 2@ 50 L) 50 BN S@3) 50
go\e @. \& @ & )HE 0 ) >
T _ 35t 4 &2 S SO o< ) (| u'(z)Jr
mac3 | T3 3 c3 Toz 4 c3 To3 3 3 T3 T3 2 myc3 2
< —(23) -,
@ o (& ) )
e X exes 2 _ip | g (2 p(t=Tx)
+ moct 1 3 myc3 T3 2 c3 T3 My c3 up (cI>2 + YZ)e +
exe; U 5 ere; X3 T2
261 3 _ 261 3
myct T 3 3m2c4 T 4 +
L) 2@ 50 @) 50 ENCOINGE) S@3) 50
g e @, (& @ & )H(E 30 >
T 3G T3 + [ S 1 - [ u'(z)Jr
macd | 133 c3 Toz 4 c3 T3 3 3 CTy3 T3 2 mycd 3
<ﬁ(23) 3)
¢ u }
4 | @a e [N ) W8 7@ |y, on(t=Ty).
Mact T 3 Mac3 T3 3 >3 T myc3 3 2 ’
dzBEk) aG lexen | 3 25 Cws (E 405430 )
o | ) 2] 302 8w3c 2ws “C a)z Rz (t=Tx) |e2en| 1 2" P3 wy *Ry =T,
dtz — dr >~ m; |:C4A3 + C4A4 C4A2 + C4A i|€y k JF mac /f;z 3 + CSAZ + C2 (q>2 + Yz)ey( k>+
Jr|€z€1| + 3p2 + 8wsC + 2ws %¢ + (uz Rz ey(t Tk) + leaer| | 1 + Ew3<52+53+3A> 4@ 2R, (d) +Y )ey(t—Tk)+
my | cAA3 A3 AN A2 AA Mac 52 5 BA2 2 2 2

3 c 3 cws ;2+53+3A 2 _ _
+|L’261| [C4A3 + C4PAZ4 + iffzzc + 2(;)43AC &2 Rz]ey(t Ti) + \Z;’]C\ ;12 + ( A2 ) + wzcsz YZey(t Ti) <wp ZRZeﬂ(t Ti),
2
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Appendix E. Upper Bounds for Partial Derivatives

<E(23),_L'Z(3)>

Since @3 = ¢2(t) — ¢3(t — T3) and < cetpzwselT, one obtains

‘ oGy, (ra,2,112,73,93,13) | leaes|ws E+C<<P3+Y3)A3VT _ &
ary Bp3 —= my cOA2 — dp3’
‘ aG’z < |‘32€3‘ 2 P2+P3)Z+A — aC’z .
dr3 my cOA3 — odr3’
‘aGT’zZ = %C‘BE( pSe * p2+p3 T C3A3 c‘}A) - aa?przz
‘ BB?P: < |erznf—’21‘ ;2;93 acdzsAt’ZT + Pz;ios + P%‘Z’zc + %} = aifp? ;
‘ Gy, (r2 /12, r3,93,013) | _ 0: Gy, (r2 a2, r3,93,003) | _ 0:
o g 9¢s ¢
+ _ _
5 < Bty | 528 1 o | = T [Pttt
|7 < Mf EoBllfe™ ) 1) = T
‘ 9Gy, (r2,92,12,13,93,113) —0 aq,z & = a?rz
a3 7| ory FRN
The upper bounds for aaGp'; PR a;? PR a;’f can be obtained in a similar way.
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