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Abstract: A co-infection model for onchocerciasis and Lassa fever (OLF) with periodic variational
vectors and optimal control is studied and analyzed to assess the impact of controls against incidence
infections. The model is qualitatively examined in order to evaluate its asymptotic behavior in relation
to the equilibria. Employing a Lyapunov function, we demonstrated that the disease-free equilibrium
(DFE) is globally asymptotically stable; that is, the related basic reproduction number is less than
unity. When it is bigger than one, we use a suitable nonlinear Lyapunov function to demonstrate the
existence of a globally asymptotically stable endemic equilibrium (EE). Furthermore, the necessary
conditions for the presence of optimum control and the optimality system for the co-infection model
are established using Pontryagin’s maximum principle. The model is quantitatively analyzed by
studying how sensitive the basic reproduction number is to the model parameters and the model
simulation using Runge–Kutta technique of order 4 is also presented to study the effects of the
treatments. We deduced from the quantitative analysis that, if there is an effective treatment and
diagnosis of those exposed to and infected with the disease, the spread of the viral disease can be
effectively managed. The results presented in this work will be useful for the proper mitigation of
the disease.

Keywords: onchocerciasis; Lassa fever; co-infection; global stability; optimal control; periodic
variational vectors

MSC: 00A71; 93D05

1. Introduction

Onchocerciasis is a neglected tropical illness caused by the filarial worm parasite
Onchocerca Volvulus [1–4]. The disease is spread from person to person through frequent
bites from black flies, and is particularly prevalent in sub-Saharan Africa. However, another
word for it is riverine blindness, which infers that the disease burden is higher in regions
near rivers, as the presence of riverine hatching sites for black flies has a substantial impact
on the incidence of onchocerciasis infection in a community. The disease is more common in
adults under the age of 30. Many researchers have worked on numerous ways of reducing
the spread of the disease using different modeling approaches, both mathematically and
statistically, suggesting ways of mitigating the disease. The modeling of different kinds of
viral diseases extended to optimal control and the study of the co-infection of infectious
disease dynamics have been the subjects of several studies (see [5–12]). In [2], the authors
used a computer algebra system (CAS) simulation procedure to study the model to prevent
onchocerciasis using macrofilaricide, which kills the adult worms. The study provided
in [3] looked at the effects of four distinct methods of control on disease spread. Ref. [13]
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used a microsimulation model to assess the time required to combine annual ivermectin
therapy and vector control in the West African onchocerciasis Control Programme. For
example, in [14], scientists performed a skin snip survey in west Africa to assess the
impact of larviciding on the suppression of black flies. The Arena virus (Lassa virus)
causes Lassa fever, a viral disease. It is zoonotic and acute, causing severe hemorrhagic
fever with symptoms like nausea, sore throat, vomiting, chest and stomach discomfort,
muscle cramps, fever, and ocular discharges. When humans come into contact with the
virus on these contaminated surfaces, they can become infected indirectly. Rodents can
also become infected because they share rubbish, eat on surfaces polluted with infectious
rodent excretions, and do not die from disease but carry the infection and continue to
spread it throughout their lives. Infections can be regularly diagnosed throughout the
year; however, peak times in tropical regions have been seen between January and May
throughout the period of drought [15–17]. Ref. [15] created a mathematical representation
of Lassa fever transmission and dynamics in two interacting populations. In another
breakthrough, [18] created a mathematical model for Lassa fever transmission dynamics,
examined endemic stability, determined the stability of the disease-free equilibrium, and
estimated the threshold value. Our work is motivated based on the research in [19], wherein
the authors consider the co-infection model of malaria–Lassa using optimal control. The
developed model reflected seasonal fluctuation in vectors and showed that co-infection
with malaria and Lassa fever increased mortality in infected patients. Research on the
optimal control of the co-infection of diseases has been highly explored; however, to the
best of the authors’ understanding, optimal control analysis is not currently used in the
literature to study the co-infection of onchocerciasis and Lassa fever. This study investigates
the global stability properties and optimal control analysis of onchocerciasis–Lassa fever
co-infection in three interacting populations of humans (the host), black-flies (the vector),
and rodents, which incorporate periodic variational vectors and diagnostic factors for the
treatment of onchocerciasis–Lassa fever co-infection. To show the novelty of our work in
this paper, and to the best of our knowledge, this is the first time that research has sought
to understand the co-infection model for onchocerciasis and Lassa fever dynamics and its
optimal control. We use a search engine procedure, such as Google scholar, Web of Science,
and Scopus search, to validate the novelty of this research. The key findings of this research
help us understand that, in the process of disease mitigation, treatment is more likely to
reduce the infection. With the treatment procedure comes the tool of insecticides that also
enhance the process of mitigation, i.e., this process has a positive implication in ensuring
that the community is onchocerciasis–Lassa-free. Another mitigation method from this
research is the optimal control investigation and sensitivity analysis. The optimal control
and sensitivity analysis shows the effect of the control parameters on the basic reproduction
number, which efficiently inform the public and health officials of the possibility of reducing
the infection and transmission rates where the disease is predominant.

The remainder of the paper is structured as follows: Section 2 contains the model’s
formulation as well as its basic features. Section 3 qualitatively analyzes the co-infection
scenario without controls. Section 4 considers the optimal control model, whereas the
numerical simulation of the model and the discussion of the results are presented in
Section 5. The concluding remarks, limitations, future work, and key results are discussed
in Section 6.

2. OLF Co-Infection Model

This work sought to study the transmission dynamics of OLF co-infection in three
interacting populations of humans (the host), black flies (the vector), and rodents, which
incorporate periodic variational vectors [19–21], because we know that zoonotic and vector-
borne diseases have some environmental drivers and diagnostic factors for the treatment
of onchocerciasis–Lassa fever co-infection, and we formulate a model which subdivides
the total human and rodent population sizes at time t and discrete age ci and dj denoted
by Nh(t, ci) = Ns

s (t, ci) + Ne
s (t, ci) + Ni

s(t, ci) + Nr
s (t, ci) + Ns

e (t, ci) + Ns
i (t, ci) + Ns

r (t, ci) +
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Nr
r (t, ci), Nr(t, dj) = Sr(t, dj)+ Er(t, dj) + Ir(t, dj) with i = 0, 1, 2, ..., L, j = 0, 1, 2, ..., T and

cL and dT are the maximum age of humans and rodents in the population. Similarly, the
total black fly population size at time t is denoted by Nb(t) = Sb(t) + Eb(t) + Ib(t).

The state variables Ne
s , Ni

s and Nr
s denote the number of people in the human popula-

tion that were exposed to Lassa fever, infected by Lassa fever, and recovered from Lassa
fever, respectively, but susceptible to onchocerciasis. Moreover, Ns

e , Ns
i and Ns

r represents
those exposed, infected and recovered from onchocerciasis, respectively, but susceptible to
Lassa fever. It is imperative to note that Nr

r denotes the number of those that recovered from
both diseases. However, Ns

s represents the number of those susceptible to both diseases. The
rodent population was classified as Sr, Er, and Ir, representing those that were susceptible,
exposed, and infected, respectively. Furthermore, the black fly population was classified
as Sb, Eb, and Ib, denoting those that were susceptible, exposed, and infected, respec-
tively. Let λB(t) = c0(ci)(1 + b cos(2πt + T))Ib be the onchocerciasis infection rate, where
c0(ci) = cb(ci)

Nh(t,ci)
, b

Nh(t,ci)
is the contact rate between humans and black flies, and b is

the rate at which humans are being bitten by black flies. Similarly, λa(t) = ρ0(ci)(1 +
w2(dj) cos(2πt + T)) Ir(t, dj) and λb(t) = σ0(ci)(1 + w1(ci) cos(2πt + T))Ni

s(t, ci) are the

forces of infection for Lassa fever, where σ0 = d1(ci)
Nh(t,ci)

and ρ0 = d2(ci)
Nh(t,ci)

. In the black fly and
rodent populations λb(t) = ϕ0(1+ b cos(2πt+T)) and λr(t) = β0(dj)(1+w2(dj) cos(2πt+

T)), ϕ0 = σb
Nb

and β0(dj) =
βr(dj)

Nr(t,dj)
. The subscripts r, b represent the Lassa fever (rodent)

and onchocerciasis (black fly), respectively. Ribavirin (anti-viral drug) is effective when it is
administered early. It is assumed that both exposed and infectious humans are treated at
rates of γ1(ci)α(ci)Ne

s (t, ci) and η1(ci)σ(ci)Ni
s(t, ci), respectively. Nr

r (t, ci) represents those
who are infected with both diseases.

The formulation of the compartmental model is based on the following assumptions
because of our knowledge of both diseases and the research performed in [19]:

1. Every person is born with the ability to catch Lassa fever and onchocerciasis, implying
that humans are at risk of contracting the diseases.

2. Once susceptible people become sick, they transform into exposed people with immu-
nity but are not yet contagious.

3. Only individuals who are exposed to the virus become contagious.
4. Infectious individuals can die naturally or as a consequence of the disease, and if they

do otherwise, they can recover as a result of treatment.
5. That person could simultaneously contract both Lassa fever and onchocerciasis.
6. All rodents including black flies have vulnerability during birth.
7. Each type of rodent species may perish spontaneously or as a result of hunting and

the application of pesticides.
8. Infected sensitive rodents are exposed but not contagious rodents.
9. Only exposed rodents and black flies become infected.
10. Infected rodents become infected when they consume or consume fluids from ill rodents.
11. Afflicted rodents and black flies are infectious for life, implying that there is no

recovered class for rodent and black fly populations.

Following that, we obtain a 14-dimensional system of ODEs that explains disease
spread as follows:
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dNs
s (t,ci)
dt = ζ(ci)− ∑L

i=0 ∑T
j=0(λa + λb)Ns

s (t, ci)− ∑L
i=0 λBNs

s (t, ci)Ib
−µ(ci)Ns

s (t, ci) + γb(ci)Ns
r (t, ci)

dNe
s (t,ci)
dt = ∑L

i=0 ∑T
j=0(λa + λb)Ns

s (t, ci)− ∑L
i=0 ϑb(ci)λBNe

s (t, ci)Ib
−(µ(ci) + γv(ci)α(ci) + τ(ci))Ne

s (t, ci)
dNi

s(t,ci)
dt = ∑L

i=0 τ(ci)Ne
s (t, ci)− ∑L

i=0 ϑb(ci)λBNi
s(t, ci)Ib − (µ(ci)

+ηv(ci)σ(ci))Ni
s(t, ci)

dNr
s (t,ci)
dt = ∑L

i=0(γv(ci)α(ci)Ne
s (t, ci) + ηv(ci)σ(ci)Ni

s(t, ci))− µ(ci)Nr
s (t, ci)

dNs
e (t,ci)
dt = ∑L

i=0 λBNs
s (t, ci)Ib − ∑L

i=0 ∑T
j=0 ϑr(ci)(λa + λb)Ns

e (t, ci)− (µ(ci)

+τb(ci))Ns
e (t, ci)

dNs
i (t,ci)
dt = ∑L

i=0 τb(ci)Ns
e (t, ci)− ∑L

i=0 ∑T
j=0 ϑr(ci)(λa + λb)Ns

i (t, ci)

−(µ(ci) + ϵb(ci)βb(ci))Ns
i (t, ci)

dNs
r (t,ci)
dt = ∑L

i=0 ϵb(ci)βb(ci)Ns
i (t, ci)− (γb(ci) + µ(ci))Ns

r (t, ci)
dNr

r (t,ci)
dt = ∑L

i=0 ϑb(ci)λB(Ne
s (t, ci) + Ni

s(t, ci))Ib − µ(ci)Nr
r (t, ci)

+∑L
i=0 ∑T

j=0 ϑr(ci)(λa + λb)(Ns
e (t, ci) + Ns

i (t, ci))
dSr(t,dj)

dt = Λr(dj)(1 + ξr cos(2πt + T))− ∑T
j=0 λrSr(t, dj)Ir(t, dj)− (µr(dj) + δr(dj))Sr(t, dj)

dEr(t,dj)

dt = ∑T
j=0 λrSr(t, dj)Ir(t, dj)− (αr(dj) + µr(dj) + δr(dj))Er(t, dj)

dIr(t,dj)

dt = ∑T
j=0 αr(dj)Er(t, dj)− (µr(dj) + δr(dj))Ir(t, dj)

dSb
dt = ςb(1 + κb cos(2πt + T))− λbSbNs

i (t, ci)− µbSb
dEb
dt = λbSbNs

i (t, ci)− (µb + αb)Eb
dIb
dt = αbEb − µb Ib



(1)

and the ICs

Ns
s (0, ci) = Ns

0s(ci), Ne
s (0, ci) = Ne

0s(ci), Ni
s(0, ci) = Ni

0s(ci),
Nr

s (0, ci) = Nr
0s(ci), Ns

e (0, ci) = Ns
0e(ci), Ns

i (0, ci) = Ns
0i(ci),

Ns
r (0, ci) = Ns

0r(ci), Sr(0, dj) = S0r, Er(0, dj) = E0r, Ir(0, dj) = I0r,
Sb(0) = S0b, Eb(0) = E0b, Ib(0) = I0b

 (2)

In Table 1, we present the definition of the parameters of model (1), and in Table 2, we
present the parameter values used for the quantitative aspect of the research.

Table 1. The definitions of the parameters in model (1).

Definition Symbols

Susceptible to human recruitment ζ(ci)
Susceptible to black fly recruitment ςb

Susceptible term for rodent recruitment Λr(dj)
Rate of black fly biting b
Rodent interaction rate w2(dj)
Human interaction rate w1(ci)

Onchocerciasis transmission rate in humans cb(ci)
Onchocerciasis transmission rate in black flies σb

Lassa fever transmission rate in individuals by infectious individuals d1(ci)
Lassa fever transmission rate in individuals by infectious rodents d2(ci)

Lassa fever transmission rate in rodents by infected rodents βr(dj)
Human mortality rate per capita µ(ci)
Black fly mortality rate per capita µb

Rodent death rate per capita µr(dj)
Rodent mortality rate due to hunting δr(dj)

Black fly seasonal variation κb
Rodent seasonal fluctuation ξr

Lassa fever progression rate in an exposed individual τ(ci)
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Table 1. Cont.

Definition Symbols

Onchocerciasis progression rate in the exposed human host τb(ci)
Lassa fever progression rate in exposed rodents αr(dj)

Onchocerciasis progression rate in exposed black flies αb
The proportion of effective human onchocerciasis treatment ϵb(ci)

Infectious human onchocerciasis treatment rate βb(ci)
Proportion of successful Lassa fever treatment for exposed humans γv(ci)

Lassa fever diagnostic tests for humans who have been exposed α(ci)
Proportion of successful Lassa fever treatment for infected humans σ(ci)

Infectious human Lassa fever treatment rate ηv(ci)
Force of infection for Lassa fever in humans by infectious humans λa
Force of infection for Lassa fever in humans by infectious rodents λb

Force of infection for Lassa fever in rodent population by infectious rodents λr
Onchocerciasis infection rate λB

Rate of recovery from Lassa fever ϑr
Rate of recovery from onchocerciasis ϑb

Rate of loss of immunity to onchocerciasis γb(ci)

Table 2. The parameter values of the OLF co-infection model.

Symbols Value Source

ζ(ci) 0.000212 Estimated
ςb 0.065 [11]

Λr(dj) 0.0054 [16]
b 0.8 Fixed

w2(dj) 0.75 Assumed
w1(ci) 0.55 Assumed
cb(ci) 0.099 [22]

σb 0.089 [22]
d1(ci) 0.00814 [22]
d2(ci) 0.055 [16]
βr(dj) 0.073 Assumed
µ(ci) 0.0000545 Estimated

µb 0.0665 Estimated
µr(dj) 0.058 [23]
δr(dj) 0.295 Assumed

κb 0.5 Assumed
ξr 0.00021 Assumed

τ(ci) 0.082 [24]
τb(ci) 0.0585 Assumed
αr(dj) 0.83 Assumed

αb 0.0554 Assumed
ϵb(ci) 0–0.1 Assumed to vary
βb(ci) 0–0.1 Assumed to vary
γv(ci) 0.09 Assumed
α(ci) 0.049 Assumed
σ(ci) 0–0.189 Assumed to vary
ηv(ci) 0.43 Assumed
γb(ci) 0.0013692 Assumed

ϑr 0–0.2 Assumed to vary
ϑb 0–0.3 Assumed to vary
λa 0–0.2 Assumed to vary
λb 0–0.3 Assumed to vary
λr 0–0.5 Assumed to vary
λB 0–0.4 Assumed to vary
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Basic Model Features Model (1) without Controls

The respective results which guarantee the OLF-model co-infection model, governed
by model (1), represent a mathematically well-posed and feasible region Ω defined by

Ω = Ωh × Ωr × Ωb ⊂ R8
+ ×R3

+ ×R3
+

where Ωh = {Ns
s (t, ci), Ne

s (t, ci), Ni
s(t, ci), Nr

s (t, ci), Ns
e (t, ci), Ns

i (t, ci), Ns
r (t, ci), Nr

r (t, ci) ∈

R8 : Nh(t, ci) ≤
L

∑
i=0

ζ(ci)

µ(ci)
},

Ωr = {Sr(t, dj), Er(t, dj), Ir(t, dj),∈ R3
+ : Nr(t, dj) ≤

T

∑
j=0

Λr(dj)(1 + ξr cos(2πt + T))
µr(dj) + δr(dj)

}

and

Ωb = {Sb(t), Eb(t), Ib(t),∈ R3
+ : Nb(t) ≤

ςb(1 + κb cos(2πt + T))
µb

}

Theorem 1. The feasible region Ω defined by Ω = {Ns
s (t, ci), Ne

s (t, ci), Ni
s(t, ci), Nr

s (t, ci),
Ns

e (t, ci), Ns
i (t, ci), Ns

r (t, ci), Nr
r (t, ci), Sr(t, dj), Er(t, dj), Ir(t, dj), Sb(t)Eb(t), Ib(t) ∈ R14 :

Nh(0, ci) ≤ Nh(t, ci) ≤
L

∑
i=0

ζ(ci)

µ(ci)
, Nr(0, dj) ≤ Nr(t, dj) ≤

T

∑
j=0

Λr(dj)(1 + ξr cos(2πt + T))
µr(dj) + δr(dj)

,

Nb(0) ≤ Nb(t) ≤ ςb(1+κb cos(2πt+T))
µb

} with IC’s Ns
s (0, ci) ≥ 0, Ne

s (0, ci) ≥ 0, Ni
s(0, ci) ≥

0, Nr
s (0, ci) ≥ 0, Ns

e (0, ci) ≥ 0, Ns
i (0, ci) ≥ 0, Ns

r (0, ci) ≥ 0, Nr
r (0, ci) ≥ 0, Sr(0, dj) ≥

0, Er(0, dj) ≥ 0, Ir(0, dj) ≥ 0, Sb(0) ≥ 0, Eb(0) ≥ 0, Ib(0) ≥ 0 is a non-negative variant
for model (1).

Proof. If Nh(t, ci) = Ns
s (t, ci) + Ne

s (t, ci) + Ni
s(t, ci) + Nr

s (t, ci) + Ns
e (t, ci), Ns

i (t, ci)+
Ns

r (t, ci) + Nr
r (t, ci) represent the sum of the population of human, the sum population of

the rodent is Nr(t, dj) = Sr(t, dj) + Er(t, dj) + Ir(t, dj) and the complete size of black fly
community is Nb(t) = Sb(t) + Eb + Ib. Then, from model (1)

dNh(t, ci)

dt
≤ ζ(ci)−

L

∑
i=0

µ(ci)Nh(t, ci) (3)

dNr

dt
≤ Λr(dj)(1 + ξr cos(2πt + T))−

L

∑
i=0

(µr(dj) + δr(dj))Nr(t, dj) (4)

dNb
dt

≤ ςb(1 + κb cos(2πt + T))− µbNb (5)

Considering the inequalities of the ODE of (3), (4), and (5), respectively,

Nh(t, ci)eµh(ci)t ≤ Nh(0, ci) +
L

∑
i=0

Λ(ci)

µh(ci)
eµh(ci)t −

L

∑
i=0

Λ(ci)

µh(ci)

so that

Nh(t, ci) ≤ Nh(0, ci)e−µh(ci)t +
L

∑
i=0

Λ(ci)

µh(ci)
−

L

∑
i=0

Λ(ci)

µh(ci)
e−µh(ci)t

this implies

Nh(t, ci) ≤
L

∑
i=0

Λ(ci)

µh(ci)
(1 − e−µh(ci)t) + Nh(0, ci)e−µh(ci)t (6)

similarly, for Equation (4), we have



AppliedMath 2024, 4 95

Nr(t, dj)e
(µr(dj)+δr(dj))t ≤

T

∑
j=0

Nr(0, dj) +
Λr(dj)(1 + ξr cos(2πt + T))

µr(dj) + δr(dj)
e(µr(dj)+δr(dj))t

−
Λr(dj)(1 + ξr cos(2πt + T))

µr(dj) + δr(dj)

so that

Nr(t, dj) ≤
T

∑
j=0

Nr(0, dj)e
−(µr(dj)+δr(dj))t +

Λr(dj)(1 + ξr cos(2πt + T))
µr(dj) + δr(dj)

−
Λr(dj)(1 + ξr cos(2πt + T))

µr(dj) + δr(dj)
e−(µr(dj)+δr(dj))t

this implies

Nr(t, dj) ≤
T

∑
j=0

Λr(dj)(1 + ξr cos(2πt + T))
µr(dj) + δr(dj)

(1 − e−(µr(dj)+δr(dj))t) + Nr(0, dj)e
−(µr(dj)+δr(dj))t (7)

Also,

Nb(t)eµbt ≤ Nb(0) +
ςb(1 + κb cos(2πt + T))

µb
eµbt − ςb(1 + κb cos(2πt + T))

µb

so that
Nb(t) ≤ Nb(0)e−µbt +

Λm

µb
− ςb(1 + κb cos(2πt + T))

µb
e−µbt

this implies

Nb(t) ≤
ςb(1 + κb cos(2πt + T))

µb
(1 − e−µbt) + Nb(0)e−µbt. (8)

Taking the limits of Equations (6)–(8) as t → ∞ gives Nh(t, ci) ≤
L

∑
i=0

ζ(ci)

µh(ci)
, Nr(t, dj) ≤

T

∑
j=0

Λr(dj)(1 + ξr cos(2πt + T))
µr(dj) + δr(dj)

and Nb(t) ≤
ςb(1+κb cos(2πt+T))

µb
. Thus, the following feasi-

ble region Ω = {Ns
s (t, ci), Ne

s (t, ci), Ni
s(t, ci), Nr

s (t, ci), Ns
e (t, ci), Ns

i (t, ci), Ns
r (t, ci), Nr

r (t, ci),

Sr(t, dj), Er(t, dj), Ir(t, dj), Sb, Eb, Ib ∈ R14 : Nh(t, ci) ≤
L

∑
i=0

ζ(ci)

µ(ci)
, Nr(t, dj) ≤

T

∑
j=0

Λr(dj)(1 + ξr cos(2πt + T))
µr(dj) + δr(dj)

,

Nb(t) ≤
ςb(1+κb cos(2πt+T))

µb
}.

3. Analysis of Model (1) with Non-Controls

It is crucial to remember that, given the recruiting terms, there are no trivial equilibrium
locations, ζ(ci), Λr(dj)(1 + ξr cos(2πt + T)) and Λb(1 + ξb cos(2πt + T)) that are non-zero.
This implies that the equilibrium points (Ns

s (t, ci), Ne
s (t, ci), Ni

s(t, ci), Nr
s (t, ci), Ns

e (t, ci),
Ns

i (t, ci), Ns
r (t, ci), Nr

r (t, ci), Sr(t, dj), Er(t, dj), Ir(t, dj), Sb, Eb, Ib) ̸= (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
0, 0, 0).

Subsequently, we shall analyze model (1) by showing the existence of the endemic equi-
librium and the stability properties of both the DFE and EE through the basic reproduction
number of the model.

3.1. Disease-Free Equilibrium ϵ0

The disease-free equilibrium point, ϵ0 for the OLF-model (2.1) implies that Ns∗
s (ci) ̸=

0, Ne∗
s (ci) = N∗

is(ci) = N∗
se(ci) = N∗

si(ci) = N∗
rr(ci) = 0, S∗

d(dj) ̸= 0, E∗
d(dj) = I∗d (dj) =

0, S∗
m ̸= 0, E∗

b = I∗b = 0 and putting these into (2.1) yields N∗
rs(ci) = 0, N∗

sr = 0, N∗
ss(ci) =
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ζ(ci)
µ(ci)

, S∗
d = Λr(1+ξr cos(2πt+T))

µr+δr
and S∗

b = ςb(1+κb cos(2πt+T))
µb

, respectively. Consequently, we
obtain ϵ0 as

ϵ0 =

(
ζ(ci)

µ(ci)
, 0, 0, 0, 0, 0, 0, 0,

Λr(dj)(1 + ξr cos(2πt + T))
µr(dj) + δr(dj)

, 0, 0,
ςb(1 + κb cos(2πt + T))

µb
, 0, 0

)
(9)

3.2. Basic Reproduction Number, R0L(t, c) and R0B(t, a)

The R0 for Lassa fever and onchocerciasis represented as R0L(t, a) and R0B(t, a) can
be obtained through the next-generation matrix approach described in [17].

Basic reproduction R0 is a measure of how contagious an infectious disease is. This
shows how many new infections, on average, one infected individual can cause in a
community that is fully vulnerable to the illness. A high R0 value indicates that the disease
is more contagious and can spread more quickly. Understanding R0 is important for
developing effective strategies to prevent and control infectious diseases, which is the
reason it necessitates the subsequent section, and we will evaluate the sensitivity of the
parameters in the model.

R0L, the spectral radius, FV−1, is given as

R0L(a, t) =
L

∑
i=0

σ0(ci)(1 + w1(ci) cos(2πt + T))ζ(ci)τ(ci)

Rr f
(10)

where Rr f = µ(ci)(ηv(ci)σ(ci) + µ(ci))(γv(ci)α(ci) + τ(ci) + µ(ci)), and, using a similar
argument, the R0 for onchocerciasis is obtained as

R0B(a, t) =

√√√√ L

∑
i=0

τb(ci)σ0(ci)(1 + b cos(2πt + T))ζ(ci)ςb(1 + κb cos(2πt + T))αbϕ0

µ(ci)(τb(ci) + µ(ci))(ϵb(ci)βb(ci) + µ(ci))µb(αb + µb)µb
(11)

R0B(a, t) =
√
RhbRbb (12)

where Rbb = ςb(1+κb cos(2πtT))αbϕ0
µb(αb+µb)µb

and Rhm = τb(ci)σ0(ci)(1+b cos(2πtT))ζ(ci)
µ(ci)(τb(ci)+µ(ci))(ϵb(ci)βb(ci)+µ(ci))

3.2.1. Analysis of the R0’s Sensitivity, R0L(t, c)

Observing the partial derivative of the R0 with respect to each of its parameters gives
the sensitivity analysis. It tells us the parameters that have the greatest impact on the spread
of the disease and evaluates how the uncertainty of the parameters can affect the dynamics
of the epidemic. The sensitivity index of the R0, R0L(t, c) with respect to its parameters, say
Q, is given by:

SR0L(t,c)
Q =

∂R0L(t, c)
∂Q

· Q
R0L(t, c)

Six of the sensitivity indices are negative while the others are positive, as can be seen
in Table 3. The sensitivity analysis of the basic reproduction number shows that there is a
direct relationship between R0L(t, c) and the proportion of effective treatment of infectious
humans for Lassa fever, the recruitment term of susceptible humans, and the progression
rate of Lassa fever in the exposed human host while other parameters have an inverse
relation with R0L(t, c). Table 3 and Figure 1 present the sensitivity indices as they relate to
R0L(t, c).

What can be deduced from the sensitivity analysis of R0L(t, c) is that, if the rates of
the proportions of effective treatment, diagnostic for treatment, and the treatment rate are
increased for the human populations exposed to and infected by Lassa fever disease, the
threshold parameter R0L(t, c) will decrease, which means that the spread of the disease
will be curtailed.
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Table 3. Parameter sensitivity index for R0L(t, c).

Parameters Sensitivity Index

σ(ci) 1
ω(ci) −0.828483245781356
ζ(ci) 1
τ(ci) 0.849041859804287
η(ci) −0.967222373292614
µ(ci) −1.06060720384700
σ(ci) −0.967222373292614
γv(ci) −0.821212282664678
α(ci) −0.821212282664678

Figure 1. Graph of parameters and their sensitivity indices.

3.2.2. Sensitivity Analysis of Basic Reproduction Number, R0B(t, a)

The sensitivity index of the basic reproduction number, R0B(t, a) with respect to
parameter its parameters say P is given by:

SR0B(t,a)
P =

∂R0B(t, a)
∂P

· P
R0B(t, a)

Five of the sensitivity indices are positive while other five are negative, as can be
seen in Table 4. The sensitivity analysis of the basic reproduction number, R0B(t, a) shows
that the bite rate, seasonal variation of black fly and treatment of infectious human for
onchocerciasis have an inverse relation with R0B(t, a). Table 4 and Figure 2 present the
sensitivity indices as they relate to R0B(t, a).

What can be deduced from the sensitivity analysis is that if the rate of treatment of
infectious human for onchocerciasis is increased, the threshold parameter R0B(t, a) will
decrease, which means the spread of the disease will be curtailed.

Table 4. Parameter Sensitivity Index of R0B(t, a).

Parameters Sensitivity Index

αb 0.498408501754949
ςb 0.5

ρ(ci) 0.5
τb(ci) 0.105493469772452
ζ(ci) 0.5

b −1.02094596559
κ(ci) −0.361379512214456

µb −1.42094596559
µ(ci) −1.12094596559
βb(ci) −0.12094596559
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Figure 2. Graph of parameters and their sensitivity indices.

Treatment is critical in the treatment and management of onchocerciasis and Lassa
fever. Treatment with the medicine ivermectin for onchocerciasis can efficiently destroy
the microfilarial worms that cause the disease, limiting further transmission and lowering
the risk of blindness. In addition to ivermectin, vector control strategies such as insecticide
spraying can be used to limit the number of disease-carrying black flies. For Lassa fever,
ribavirin is most effective when administered early in the course of the illness, which can
significantly improve the patient outcomes. Additionally, supportive care, including fluid
and electrolyte management, oxygen therapy, and the treatment of secondary infections, is
essential for managing Lassa fever. The effective treatment of OLF can significantly reduce
the burden of these diseases and improve the quality of life for the affected individuals.
However, the treatment alone is not sufficient for controlling these diseases; comprehensive
control strategies that include vector control and public health education are also essential.

3.3. Existence of Endemic Equilibrium

Using the basic reproduction number obtained from the model (1), we analyze the
stability of the equilibrium point in the following result.

Theorem 2. The OLF co-infection model (1) has no endemic equilibrium when Re
s1(c), Re

s2(c), R0B(c),
Re

b1(c), Re
b2(c) < 1 and a unique endemic equilibrium exists when Re

s1(c), Re
s2(c), R0B(c), Re

b1(c),
Re

b2(c) > 1.

Proof. Let E∗∗
e = (Ns

s
∗∗(ci), Ne

s
∗∗(ci), Ni

s
∗∗(ci), Nr

s
∗∗(ci), Ns

e
∗∗(ci), Ns

i
∗∗(ci), Ns

r
∗∗(ci), S∗∗

b ,
E∗∗

b , I∗∗b , S∗∗
r (dj), E∗∗

r (dj), I∗∗r (dj)) be a non-trivial equilibrium of the model (1). The steady
state of the OLF co-infection model (1) are

Ns∗∗
s (c) =

L

∑
i=0

ζ(ci)(R2
eb2(c)− 1)

µ(ci)R2
0B(c)(R2

eb1(c)− 1)
,

Ns∗∗
e (c) =

L

∑
i=0

ζ(ci)(γb(ci) + µ(ci))(µ(ci) + ϵb(ci)βb(ci))(R2
0B(c)− 1)

τb(ci)ϵb(ci)βb(ci)R2
0B(c)(Re

b1(c)− 1)γb(ci)
,

Ns∗∗
i (c) =

L

∑
i=0

ζ(ci)(γb(ci) + µ(ci))(R2
0B(c)− 1)

γb(ci)R2
0B(c)(Re

b1(c)− 1)
,

Ns∗∗
r (c) =

L

∑
i=0

ζ(ci)(R2
0B(c)− 1)

R2
0B(c)(R2

eb1(c)− 1)γb(ci)
,

S∗∗
b =

L

∑
i=0

ς(ci)(1 + κ cos(2πt + T))βb(ci)R2
0B(c)(R2

eb1(c)− 1)γb(ci)

λb(γb(ci) + µ(ci))ζ(ci)(R2
0B(c)− 1) + R2

0B(c)(R2
eb1(c)− 1)γb(ci)B0

,

E∗∗
b =

L

∑
i=0

ςbϵb(ci)βb(ci)λb(γb(ci) + µ(ci))ζ(ci)(R2
0B(c)− 1)

R2
0B(c)(R2

eb1(c)− 1)γb(ci)(µb + αb)ϵb(ci)βb(ci)B1
,
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I∗∗b =
L

∑
i=0

αbϵb(ci)βb(ci)ςbλb(γb(ci) + µ(ci))ζ(ci)(R2
0B(c)− 1)

R2
0B(c)(R2

eb1(c)− 1)µb(µb + αb)ϵb(ci)βb(ci)B1
,

where

B0 = ϵb(ci)βb(ci)(µb + ξbςb) and B2 = λb(γb(ci) + µ(ci))ζ(ci)(R2
0B(c)− 1) + R2

0B(c)(R2
eb1

(c)− 1)γb(ci)ϵb(ci)βb(ci)µb,

R2
eb1(c) =

L

∑
i=0

(µ(ci)µb(µb + αb) + αbλBςb(1 + κb cos(2πt + T))θb
γb(ci)αbλBςb(1 + κb cos(2πt + T))τb(ci)ϵb(ci)βb(ci)

,

R2
eb2(c) =

L

∑
i=0

(µ(ci)µb(µb + αb)R2
0B(c) + αbλBςb(1 + κb cos(2πt + T)))θb

γb(ci)αbλBςb(1 + κb cos(2πt + T))τb(ci)ϵb(ci)βb(ci)
,

θb = (µ(ci) + τb(ci))(γb(ci) + µ(ci))(µ(ci) + ϵb(ci)βb(ci)). Therefore,

I∗B = Ns∗
e + Ns∗

i =
L

∑
i=0

(γb(ci) + µ(ci))(µ(ci) + ϵb(ci)βb(ci))ζ(ci)(R2
0B(c)− 1) + θk

τb(ci)ϵb(ci)βb(ci)R2
0B(c)γb(ci)(R2

eb1(c)− 1)
,

where θk = ζ(ci)(γb(ci) + µ(ci))(R2
0B(c)− 1)τb(ci)ϵb(ci)βb(ci)

For the Lassa fever class, it follows that:

Ns∗∗
s (c) =

T

∑
j=0

L

∑
i=0

ζ(ci)µ(ci)Re
s1(c)(µ(ci) + γ1(ci)α(ci) + τ(ci))(µ(ci) + η1(ci)σ(ci))

λa[γ1(ci)α(ci)(µ(ci) + η1(ci)σ(ci)) + τ(ci)η1(ci)σ(ci)]
,

Ne∗∗
s (c) =

T

∑
j=0

L

∑
i=0

(µ(ci) + η1(ci)σ(ci))ζ(ci)µ(ci)Re
s1(c)

γ1(ci)α(ci)(µ(ci) + η1(ci)σ(ci)) + τ(ci)η1(ci)σ(ci)
,

Ni∗∗
s (c) =

L

∑
i=0

T

∑
j=0

τ(ci)µ(ci)ζ(ci)Re
s1(c)

γ1(ci)α(ci)(µ(ci) + η1(ci)σ(ci)) + τ(ci)η1(ci)σ(ci)
,

Nr∗∗
s (c) =

L

∑
i=0

T

∑
j=0

ζ(ci)Re
s1(ci),

S∗∗
d (e) =

T

∑
j=0

Λr(dj)(1 + ξr cos(2πt + T))
λrRe

s2(c) + µr(dj) + δr(dj)
,

E∗∗
d (e) =

T

∑
j=0

λrRe
s2(c)Λr(dj)(1 + ξr cos(2πt + T))

(λrRe
s2(c) + µr(dj) + δr(dj))(αr(dj) + µr(dj) + δr(dj))

,

I∗∗d (e) =
αr(dj)Λr(dj)(1 + ξr cos(2πt + T))β2(dj)(αr(dj) + µr(dj) + δr(dj)− Ad

(µr(dj) + δr(dj))(αr(dj) + µr(dj) + δr(dj))β2(dj)w2(dj)
= Re

s2(c)

where

Re
s1(c) =

L

∑
i=0

T

∑
j=0

λa[γ(ci)α(ci)(µ(ci) + η1(ci)σ(ci)) + τ(ci)η1(ci)σ(ci)]

(µ(ci) + η1(ci)σ(ci))[(µ(ci) + γ1(ci)α(ci) + τ(ci)) + µ(ci)λaθs]

θs = µ(ci) + γ1(ci)α(ci), Ad = Λr(dj)(1 + ξr cos(2πt + T))(µr(dj) + δr(dj))

Similarly,

I∗∗L = Ne∗∗
s (ci) + Ni∗∗

s (ci) =
L

∑
i=0

T

∑
j=0

(µ(ci) + η1(ci)σ(ci))µ(ci)Re
s1(c) + τ(ci)µ(ci)Re

s1(c)
γ(ci)α(ci)(µ(ci) + η1(ci)σ(ci) + τ(ci)η1(ci)σ(ci))

.

The endemic state exists whenever Re
s1(c), Re

s2(c), R0B(c), Re
b1(c), Re

b2(c) > 1.
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4. OLF Co-Infection Model Optimal Control

Into the model (1), we introduce preventative measures that are time-dependent v1(t)
and the treatment v2(t) which employs the use of insecticide (or pesticide) v3(t) effort
to curtail the transmission of OLF co-infection. The function 0 ≤ v1(t) ≤ 1 governs the
measure regarding the utilization of face nets and long cloths for effective protection, as
well as the use of rodent-proof containers, infection control measures such as complete
equipment sterilization, improved home hygiene, and strict barrier nursing such as masks,
gloves, gowns, and goggles to prevent human-to-human contact. The function 0 ≤ v2(t) ≤
1 is the control in the treatment of OLF. The insecticide used for the black fly net is lethal
to the black flies and other insects and repels the black flies, thus reducing the number
that attempt to feed on people in the sleeping areas with the nets. Hence, the transition
dynamics are given by

dNs
s (t,ci)
dt = ζ(ci)− ∑L

i=0 ∑T
j=0(λa + λb)Ns

s (t, ci)(1 − v1)− ∑L
i=0 λBNs

s (t, ci)Ib(1 − v1)

−µ(ci)Ns
s (t, ci) + γb(ci)Ns

r (t, ci)
dNe

s (t,ci)
dt = ∑L

i=0 ∑T
j=0(λa + λb)Ns

s (t, ci)(1 − v1)− ∑L
i=0 ϑb(ci)λBNe

s (t, ci)Ib(1 − v1)

−(µ(ci) + γ1(ci)α(ci)v2 + τ(ci))Ne
s (t, ci)

dNi
s(t,ci)
dt = ∑L

i=0 τ(ci)Ne
s (t, ci)− ∑L

i=0 ϑb(ci)λBNi
s(t, ci)Ib(1 − v1)

−(µ(ci) + η1(ci)σ(ci)v2)Ni
s(t, ci)

dNr
s (t,ci)
dt = ∑L

i=0(γ1(ci)α(ci)v2Ne
s (t, ci) + η1(ci)σ(ci)v2Ni

s(t, ci))− µ(ci)Nr
s (t, ci)

dNs
e (t,ci)
dt = ∑L

i=0 λBNs
s (t, ci)Ib(1 − v1)− ∑L

i=0 ∑T
j=0 ϑr(ci)(λa + λb)Ns

e (t, ci)(1 − v1)

−(µ(ci) + τb(ci))Ns
e (t, ci)

dNs
i (t,ci)
dt = ∑L

i=0 τb(ci)Ns
e (t, ci)− ∑L

i=0 ∑T
j=0 ϑr(ci)(λa + λb)Ns

i (t, ci)(1 − v1)

−(µ(ci) + ϵb(ci)βb(ci)v2)Ns
i (t, ci)

dNs
r (t,ci)
dt = ∑L

i=0 ϵb(ci)βb(ci)v2Ns
i (t, ci)− (γb(ci) + µ(ci))Ns

r (t, ci)
dNr

r (t,ci)
dt = ∑L

i=0 ϑb(ci)λB(Ne
s (t, ci) + Ni

s(t, ci))(1 − v1)Ib − µ(ci)Nr
r (t, ci)

+∑L
i=0 ∑T

j=0 ϑr(ci)(λa + λb)(Ns
e (t, ci) + Ns

i (t, ci))(1 − v1)
dSr(t,dj)

dt = Λr(dj)(1 + ξr cos(2πt + T))− ∑T
j=0 λrSr(t, dj)Ir(t, dj)

−(µr(dj) + δr(dj) + (1 − v3))Sr(t, dj)
dEr(t,dj)

dt = ∑T
j=0 λrSr(t, dj)Ir(t, dj)− (αr(dj) + µr(dj) + δr(dj) + (1 − v3))Er(t, dj)

dIr(t,dj)

dt = ∑T
j=0 αr(dj)Er(t, dj)− (µr(dj) + δr(dj) + (1 − v3))Ir(t, dj)

dSb
dt = ςbΛr(dj(1 + κb cos(2πt + T))− λbSbNs

i (t, ci)(1 − v1)− (µb + (1 − v3))Sb
dEb
dt = λbSbNs

i (t, ci)(1 − v1)− (µb + αb + (1 − v3))Eb
dIb
dt = αbEb − (µb + (1 − v3))Ib



(13)

4.1. Global Stability Analysis

This is achieved for both the disease-free and endemic equilibria for the special case
with no loss of immunity acquired by the recovered individuals and no reduction in the
black fly and rodent groups.

Theorem 3. The disease-free equilibrium point ϵ0 of the model (13) is globally asymptotically stable
in Ω if R0L(x) ≤ 1 and R0B(x) ≤ 1.

Proof. The Lyapunov function is given by

P = µ(ci)(η1(ci)σ(ci)v2 + µ(ci))Ne
s (t, ci) +

σ0(1 + w1(ci) cos(2πt + T))ζ(ci)τ(ci)Ni
s(t, ci)

τ(ci)

+ µ(ci)Nh(t, ci)(ϵb(ci)βb(ci)v2 + µ(ci))µb(αb + µb)Ns
e (t, ci)
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+
τb(ci)c0(ci)(1 + b cos(2πt + T))ζ(ci)αbςb(1 + κb cos(2πt + T))ϕ0Ns

i (t, ci)

τb

+
σ0(1 + w1(ci) cos(2πt + T))ζ(ci)τ(ci)Ir(t, dj)

µr(dj)µ(ci)(η1(ci)σ(ci)v2 + µ(ci))(γ1(ci)α(ci)v2 + τ(ci) + µ(ci))

+
τb(ci)c0(ci)(1 + b cos(2πt + T))ζ(ci)αbςb(1 + κb cos(2πt + T))ϕ0 Ib(t)

µ(ci)Nh(t, ci)(τb(ci) + µ(ci))(ϵb(ci)βb(ci)v2 + µ(ci))µb(αb + µb)

+
σ0(1 + w1(ci) cos(2πt + T))ζ(ci)τ(ci)Er(t, dj)

(αr(dj) + µr(dj) + δr(dj))(η1(ci)σ(ci)v2 + µ(ci))(γ1(ci)α(ci)v2 + τ(ci) + µ(ci))

+
τb(ci)c0(ci)(1 + b cos(2πt + T))ζ(ci)αbςb(1 + κb cos(2πt + T))ϕ0Eb(t)

µ(ci)Nh(t, ci)(τb(ci) + µ(ci))(ϵb(ci)βb(ci)v2 + µ(ci))µb(αb + µb)
(14)

The time derivative of P yields

Ṗ = µ(ci)(η1(ci)σ(ci)v2 + µ(ci))

 L

∑
i=0

T

∑
j=0

(λa + λb)Ns
s (t, ci)(1 − v1)


− µ(ci)(η1(ci)σ(ci)v2 + µ(ci))

 T

∑
j=0

ϑb(ci)λBNe
s (t, ci)Ib(1 − v1)


− µ(ci)(η1(ci)σ(ci)v2 + µ(ci))(µ(ci) + γ1(ci)α(ci)v2 + τ(ci))Ne

s (t, ci)

+
σ0(1 + w1(ci) cos(2πt + T))ζ(ci)τ(ci)

τ(ci)

(
L

∑
i=0

τ(ci)−
L

∑
i=0

ϑb(ci)λBNi
s(t, ci)Ib(1 − v1)

)

− σ0(1 + w1(ci) cos(2πt + T))ζ(ci)τ(ci)

τ(ci)

(
µ(ci) + η1(ci)σ(ci)v2Ni

s(t, ci)
)

+ µ(ci)Nh(t, ci)(ϵb(ci)βb(ci)v2 + µ(ci))(αb + µb)
(

λBNi
s(t, ci)Ib(1 − v1)

)
−µ(ci)Nh(t, ci)(ϵb(ci)βb(ci)v2 +µ(ci))(αb +µb)

 L

∑
i=0

T

∑
j=0

ϑr(dj)(λa + λb)Ns
e (t, ci)(1 − v1)


µ(ci)Nh(t, ci)(ϵb(ci)βb(ci)v2 + µ(ci))(αb + µb)(µ(ci) + τb(ci)Ns

e (t, ci))

+
τb(ci)c0(ci)c0(ci)(1 + b cos(2πt + T))ζ(ci)ςbαbϕ0

τb(ci)

×

 L

∑
i=0

τb(ci)Ns
e (t, ci)−

L

∑
i=0

T

∑
j=0

ϑr(dj)(λa + λb)Ns
i (t, ci)(1 − v1)


− τb(ci)c0(ci)(1 + b cos(2πt + T))ζ(ci)ςbαbϕ0

τb(ci)

(
µ(ci) + ϵb(ci)βb(ci)v2

)
Ns

i (t, ci)

+
σ0(ci)(1 + w1(ci) cos(2πt + T))ζ(ci)τ(ci)

µr(dj)µ(ci)(η1(ci)σ(ci)v2 + µ(ci))(µ(ci) + γ1(ci)α(ci)v2 + τ(ci))

×

 T

∑
j=0

αr(dj)Er(t, dj)− (µ(dj) + δr(dj))Ir(t, dj)


+

c0(ci)c0(ci)(1 + b cos(2πt + T))τb(ci)ζ(ci)ςb(1 + κb cos(2πt + T))αbϕ0

µ(ci)Nh(t, ci)(τb(ci) + µ(ci))(ϵb(ci)βb(ci)v2 + µ(ci))µ
2
b(αb + µb)

(αbEb + µb Ib)
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+
σ0(ci)(1 + w1(ci) cos(2πt + T))ζ(ci)τ(ci)

(αr(dj) + µr(dj) + δr(dj))(η1(ci)σ(ci)v2 + µ(ci))(γ1(ci)α(ci)v2 + τ(ci)µ(ci))

×

 T

∑
j=0

(λr(t)Sr(t, dj)Ir(t, dj)− (αr(dj) + µr(dj) + δr(dj))Er(t, dj)


+

τb(ci)c0(ci)(1 + b cos(2πt + T))ζ(ci)ςb(1 + κb cos(2πt + T))αbϕ0λhm
µ(ci)Nh(t, ci)(τb(ci) + µ(ci))(ϵb(ci)βb(ci)v2 + µ(ci))µb(αb + µb)

where
λhb = λbSbNs

i (t, ci)(1 − v1)− (µb + αb)Eb

Further simplification gives

Ṗ < −µ(ci)(η1(ci)σ(ci)v2 + µ(ci))(µ(ci) + γ1(ci)α(ci)v2 + τ(ci))Ne
s (t, ci)

+ σ0(1 + w1(ci) cos(2πt + T))ζ(ci)τ(ci)Ne
s (t, ci)

− σ0(1 + w1(ci) cos(2πt + T))ζ(ci)τ(ci)(η1(ci)σ(ci)v2)Ni
s(t, ci)

τ(ci)

− µ(ci)Nh(t, ci)(ϵb(ci)βb(ci)v2 + µ(ci))µb(αb + µb)(µ(ci) + τb(ci))Ns
e (t, ci)

+ τb(ci)c0(ci)(1 + b cos(2πt + T))ϵb(ci)βb(ci)v2ζ(ci)αbϕ0Ns
e (t, ci)

−
τb(ci)c0(ci)(1 + b cos(2πt + T))ςb(1 + κb(2πt + T))ζ(ci)αbϕ0(µ(ci) + ϵb(ci)βb(ci)v2)Ns

i (t, ci)

τb(ci)

− τb(ci)c0(ci)(1 + b cos(2πt + T))ςb(1 + κb(2πt + T))ζ(ci)αbϕ0 Ib(t)
µ(ci)Nh(t, ci)(µ(ci) + τb(ci))(ϵb(ci)βb(ci)v2 + µ(ci))µb(αb + µb)

(15)

Equation (15) becomes

Ṗ < σ0w1(ci)ζ(ci)τ(ci)(R0L(x)− 1)Ne
s (t, ci)

− µ(ci)(γ1(ci)α(ci)v2 + τ(ci) + µ(ci))(η1(ci)σ(ci)v2 + µ(ci))
2R0L(x)Ni

s(t, ci)

τ(ci)

+ µ(ci)Nh(t, ci)(τb(ci) + µ(ci))(ϵb(ci)βb(ci)v2 + µ(ci))µb(αb + µb)(R2
0B(x)− 1)Ns

e (t, ci)

−
(ϵb(ci)βb(ci)v2 + µ(ci))

2µ(ci)Nh(t, ci)(τb(ci) + µ(ci))µb(αb + µb)R2
0B(x)

τb(ci)
−R2

0B(x)Ib(t) (16)

Ṗ < 0 if R0L(x) ≤ 1 and R0B(x) ≤ 1.

The maximum invariant set: {(Ns
s (t, ci), Ne

s (t, ci), Ni
s(t, ci), Nr

s (t, ci), Ns
e (t, ci), Ns

i (t, ci),
Ns

r (t, ci), Nr
r (t, ci), Sr, Er, Ir, Sb, Eb, Ib) ∈ Ω : Ṗ = 0} is the singleton ϵ0. In this set, Nh(t, ci) →

Λ(ci)
µ(ci)

, Nr(t, dj) → Λr(dj)(1+ξr cos(2πt+T))
µr(dj)+δ(dj)

, and Nb(t) → ςb(1+ξr cos(2πt+T))
µb

as t → +∞. This

shows that all solutions approach the disease-free stationary state. Thus, when R0B(x),
R0L(x) ≤ 1 both diseases will be eliminated from the system. If R0M(x),R0L(x) > 1, then
Ṗ may be > 0 for Ne

s = Ni
s = Ns

e = Ns
i = Ir = Ib close to the disease-free state except for

Ne
s = Ni

s = Ns
e = Ns

i = Ir = Ib = 0. Thus, the disease-free state is globally asymptotically
stable when R2

0B(x),R0L(x) ≤ 1.
The nonlinear Lyapunov function of the Goh–Volterra type is used for the endemic

equilibrium. See, for instance, [11] for the application of this Lyapunov function.

Theorem 4. The unique endemic equilibrium, Ee, of the model (15) is globally asymptotically stable
if R0B(x) > 1, R0L(x) > 1 and 0 ≤ v1 ≤ 1.

Proof. Let R0L(x),R0B(x) > 1 and 0 ≤ v1 ≤ 1 so that a unique endemic equilibrium exists
and consider the following nonlinear Lyapunov function defined by



AppliedMath 2024, 4 103

N = Ns
s (t, ci)− Ns∗∗

s (ci)− Ns∗∗
s (ci) ln

(
Ns

s (t, ci)

Ns∗∗
s (ci)

)
+ Ne

s (t, ci)− Ne∗∗
s (ci)

− Ne∗∗
s (ci) ln

(
Ne

s (t, ci)

Ne∗∗
s (ci)

)
+ Ns

e (t, ci)− Ns∗∗
e (ci)− Ns∗∗

e (ci) ln

(
Ns

e (t, ci)

Ns∗∗
e (ci)

)

+
µ(ci) + γ1(ci)α(ci)v2 + τ(ci)

τ(ci)

Ni
s(t, ci)− Ni∗∗

s (ci)− Ni∗∗
s (ci) ln

(
Ni

s(t, ci)

Ni∗∗
s (ci)

)
+

µ(ci) + τb(ci)

τb(ci)

Ns
i (t, ci)− Ns∗∗

i (ci)− Ns∗∗
i (ci) ln

(
Ni

s(t, ci)

Ns∗∗
i (ci)

)
+ Sr(t, dj)− S∗∗

r (dj)− S∗∗
r (dj) ln

(
Sr(t, dj)

S∗∗
r (dj)

)
+ Er(t, dj)− E∗∗

r (dj)− E∗∗
r (dj) ln

(
Er(t, dj)

E∗∗
r (dj)

)

+
µr(dj) + αr(dj) + δr(dj)

α(dj)

Ir(t, dj)− I∗∗r (dj)− I∗∗r (dj) ln

(
Ir(t, dj)

I∗∗r (dj)

)
+ Sb − S∗∗

b − S∗∗
b ln

(
Sb
S∗∗

b

)
+ Eb − E∗∗

b − E∗∗
b ln

(
Eb
E∗∗

b

)
+

αb + µb
αb

Ib − I∗∗b − I∗∗b ln

(
Ib

I∗∗b

) (17)

with the Lyapunov time-derivative obtained as

Ṅ = Ṅs
s (t, ci)−

(
Ns∗∗

s (ci)

Ns
s (t, ci)

)
Ṅs

s (t, ci) + Ṅe
s (t, ci)−

(
Ne∗∗

s (ci)

Ne
s (t, ci)

)
Ṅe

s (t, ci)

+ Ṅs
e (t, ci)−

(
Ns∗∗

e (ci)

Ns
e (t, ci)

)
Ṅs

e (t, ci)

+
µ(ci) + γ1(ci)α(ci)v2 + τ(ci)

τ(ci)

Ṅi
s(t, ci)−

(
Ni∗∗

s (ci)

Ni
s(t, ci)

)
Ṅi

s(t, ci)


+

µ(ci) + τb(ci)

τb(ci)

Ṅs
i (t, ci)−

(
N∗∗

si (ci)

Ns
i (t, ci)

)
Ṅs

i (t, ci)


+ Ṡr(t, dj)−

(
S∗∗

r (dj)

Sr(t, dj)

)
Ṡr(t, dj) + Ėr(t, dj)−

(
E∗∗

r (dj)

Er(t, dj)

)
Ėr(t, dj)

+
µr(dj) + αr(dj) + δr(dj)

α(dj)

 İr(t, dj)−
(

I∗∗r (dj)

Ir(t, dj)

)
İr(t, dj)


+ Ṡb −

(
S∗∗

b
Sb

)
Ṡb + Ėb −

(
E∗∗

b
Eb

)
Ėb +

αb + µb
αb

 İb −
(

I∗∗b
Ib

)
İb

 (18)

Using the appropriate equations of the model (15) in (18) further gives

Ṅ =
L

∑
i=0

ζ(ci)

(
1 +

Ns∗∗
s (ci)

Ns
s (t, ci)

)
−

L

∑
i=0

µ(ci)Ns
s (t, ci)

(
1 +

Ns∗∗
s (ci)

Ns
s (t, ci)

)

+
L

∑
i=0

T

∑
j=0

(λa + λb)Ns∗∗
s (ci)(1 − v1(t)) +

L

∑
i=0

λBNs∗∗
s (ci)Ib(1 − v1(t))
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−
L

∑
i=0

T

∑
j=0

(λa + λb)Ns
s (t, ci)Ne∗∗

s (ci)(1 − v1(t))
Ne

s (t, ci)
+ (µ(ci) + γ1(ci)α(ci)v2(t) + τ(ci))Ne∗∗

s (ci))

−
L

∑
i=0

λBNs
s (t, ci)Ns∗∗

e (ci)Ib(1 − v1(t))
Ns

e (t, ci)
+ (µ(ci) + τb(ci))Ns∗∗

e (ci)

−
L

∑
i=0

(µ(ci) + γ1(ci)α(ci)v2(t) + τ(ci))ϑb(ci)λBNi
s(t, ci)Ib(1 − v1(t))

τ(ci)

− (µ(ci) + γ1(ci)α(ci)v2(t) + τ(ci))(µ(ci) + η1(ci)σ(ci)v2(t))Ni
s(t, ci)

τ(ci)

−
L

∑
i=0

(µ(ci) + γ1(ci)α(ci)v2(t) + τ(ci))Ni∗∗
s (ci)Ne

s (t, ci)

Ni
s(t, ci)

+
L

∑
i=0

ϑb(ci)λBNi∗∗
s (ci)Ib(t)(1 − v1(t))(µ(ci) + γ1(ci)α(ci)v2(t) + τ(ci))

τ(ci)

+
(µ(ci) + γ1(ci)α(ci)v2(t) + τ(ci))Ni∗∗

s (ci)(µ(ci) + η1(ci)σ(ci)v2(t))
τ(ci)

−
L

∑
i=0

T

∑
j=0

ϑr(ci)(λa + λb)Ns
i (t, ci)(µ(ci) + τb(ci))(1 − v1(t))

τb(ci)

−
(µ(ci) + ϵb(ci)βb(ci)v2(t))(µ(ci) + τb(ci))Ns

i (t, ci)

τb(ci)

−
L

∑
i=0

(µ(ci) + τb(ci))Ns∗∗
i (ci)Ns

e (t, ci)

Ns
i (t, ci)

−
L

∑
i=0

T

∑
j=0

ϑ(ci)(λa + λb)Ns∗∗
i (ci)(1 − v1(t))(µ(ci) + τb(ci))

τb(ci)

+
(µ(ci) + ϵb(ci)βb(ci)v2(t))Ns∗∗

i (ci)(µ(ci) + τb(ci))

τb(ci)

+
T

∑
j=0

Λr(dj)(1 + ξr cos(2πt + T))

(
1 +

S∗∗
d (ci)

Sr(t, dj)

)
−

T

∑
j=0

(µr(dj) + δ(dj))Sr(t, dj)

(
1 +

S∗∗
d (ci)

Sr(t, dj)

)

+
T

∑
j=0

λr(t)S∗∗
d (dj)Ir(t, dj)(1 − v3(t))−

T

∑
j=0

λr(t)Sr(t, dj)Ir(t, dj)E∗∗
d (dj)(1 − v3(t))

Er(t, dj)

+ (αr(dj) + µr(dj) + δr(dj))E∗∗
d (dj))−

(αr(dj) + µr(dj) + δr(dj))(µr(dj) + δr(dj))Ir(t, dj)

αr(dj)

−
(αr(dj) + µr(dj) + δr(dj))I∗∗d (dj)Er(t, dj)

Ir(t, dj)
+

(αr(dj) + µr(dj) + δr(dj))I∗∗d (dj)(µr(dj) + δr(dj))

αr(dj)

ςb(1 + ξb cos(2πt + T))

(
1 +

S∗∗
b

Sb

)
− µbSb

(
1 +

S∗∗
b

Sb

)
−

(αb + µb)I∗∗b Eb

Ib

+
µb(αb + µb)Ib

αb
+

(αb + µb)I∗∗b
αb

+ λbS∗∗
b Ns

i (t, ci)(1 − v1(t))

−
λbSbNs

i (t, ci)(1 − v1(t))E∗∗
b

Eb
+ (µb + αb)E∗∗

b . (19)
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At the endemic equilibrium, it is seen from Equation (15) that

µ(ci) + γ(ci)α(ci) + τ(ci) =
(λ∗∗

a + λ∗∗
b )Ns∗∗

s (ci)− ϑ(ci)λbNe∗∗
s (ci)I∗∗b

Ne∗∗
s (ci)

µ(ci) + η1(ci)σ(ci) =
τ(ci)Ne∗∗

s (ci)− ϑb(ci)λBNi∗∗
s (ci)I∗∗b

Ni∗∗
s (ci)

µ(ci) + τb(ci) =
λ∗

BNs∗∗
s (ci)I∗∗b − ϑr(ci)(λ

∗∗
a + λ∗∗

b )Ns∗∗
e (ci)

Ns∗∗
e (ci)

µ(ci) + ϵb(ci)βb(ci) = −
ϑr(ci)(λ

∗∗
a + λ∗∗

b )Ns∗∗
i (ci) + τb(ci)Ns∗∗

e (ci)

Ns∗∗
i (ci)

αr(dj) + µr(dj) + δr(dj) =
λ∗∗

d S∗∗
d (dj)I∗∗d (dj)

E∗∗
d (dj)

µr(dj) + δr(dj) =
αr(dj)E∗∗

d (dj)

I∗∗d (dj)

µb + αb =
λ∗∗

b S∗∗
b Ns∗∗

i (ci)

E∗∗
b

Λr(ci)(1 + ξr cos(2πt + T)) = λ∗∗
d S∗∗

d (dj)I∗∗d (dj) + (µr(dj) + δr(dj))S∗∗
d (dj)

ζ(ci) = (λ∗∗
a + λ∗∗

b )Ns∗∗
s (ci) + λ∗∗

B Ns∗∗
s (ci)I∗∗b + µ(ci)Ns∗∗

s (ci)

ςb(1 + κb cos(2πt + T)) = λ∗∗
b S∗∗

b Ns∗∗
i (ci) + µbS∗∗

b .

µb =
αbE∗∗

b
I∗∗b

(20)

Using Equation (20) in Equation (19) and then systematically adding and subtracting

the following
L

∑
i=0

T

∑
j=0

(λ∗∗
a + λ∗∗

b )Ns∗∗
s (ci)(1 − v1), λ∗∗

B Ns∗∗
s (ci)I∗∗b (1 − v1)

L

∑
i=0

T

∑
j=0

(λ∗∗
a + λ∗∗

b )Ns∗∗
s (ci)(1 − v1)Ih(t, ci) f 2(N∗∗

h )

I∗∗h (ci) f (Nh)
,

λ∗∗B Ns∗∗
s Ih (t,ci ) f 2(N∗∗

h )(1−v1)
I∗∗h (ci ) f (Nh )

, λ∗∗
d S∗∗

d (dj)I∗∗d (dj)(1− v3),
λ∗∗d S∗∗d (dj )Ir (t,ci )(1−v3) f 2(N∗∗

d
I∗∗d (dj ) f (Nr )

λ∗∗
b S∗∗

b Ns∗∗
i (ci)(1− v1), λ∗∗b S∗∗b Ns

i (t,ci )(1−v1) f 2(N∗∗
b )

Ns∗∗
i (ci ) f (Nb )

one gets

Ṅ =
L

∑
i=0

µ(ci)Ns∗∗
s (ci)

(
2 − Ns∗∗

s (ci)

Ns
s (t, ci)

− Ns
s (t, ci)

Ns∗∗
s (ci)

)

+
L

∑
i=0

T

∑
j=0

(λa + λb)Ns∗∗
s (ci)(1 − v1) f (N∗∗

h )

×
[

4 − Ns∗∗
s (ci)

Ns
s (t, ci)

− Ne∗∗
s (ci)Ns

s (t, ci)

Ns∗∗
s (ci)Ne

s (t, ci)
− Ni∗∗

s (ci)Ne
s (t, ci)

Ni
s(t, ci)

−
Ih(t, ci) f (N∗∗

h )

I∗∗h (ci) f (Nh)

]

−
L

∑
i=0

T

∑
j=0

N∗∗
ss (ci)(1 − v1) f (N∗∗

h )

×
[

2 −
Ih(t, ci) f (N∗∗

h
I∗∗h (ci) f (Nh)

− f (Nh)

f (N∗∗
h )

]
−

L

∑
i=0

c0(1 + b cos(2πt + T))(ci)Ns∗∗
s (ci)I∗∗b (1 − v1) f (N∗∗

h )

×
[

2 −
Ih(t, ci) f (N∗∗

h
I∗∗h (ci) f (Nh)

− f (Nh)

f (N∗∗
h )

]
−

L

∑
i=0

c0(1 + b cos(2πt + T))Ns∗∗
s (ci)I∗∗b (1 − v1) f (N∗∗

h )
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×
[

4 − Ns∗∗
s (ci)

Ns
s (t, ci)

− Ns∗∗
e (ci)IbNs

s (t, ci)

Ns∗∗
s (ci)Ns

e (t, ci)I∗∗b
−

Ns∗∗
i (ci)Ns

e (t, ci)Ib

Ns
i (t, ci)I∗∗b

−
Ih(t, ci) f (N∗∗

h )

I∗∗h (ci) f (Nh)

]

−
L

∑
i=0

ϑb(a1)c0(ci)(1 + b cos(2πt + T))Ne∗∗
s (ci)I∗∗b (1 − v1) f (N∗∗

h )

[
1 − Ni∗∗

s (ci)Ne
s (t, ci)

Ni
s(t, ci)

]

−
L

∑
i=0

T

∑
j=0

ϑr(ci)(λ
∗∗
a + λ∗∗

b )Ns∗∗
e (ci)(1 − v1) f (N∗∗

h )

[
1 −

Ns∗∗
i (ci)Ns

e (t, ci)

Ns
i (t, ci)

]

+
T

∑
j=0

(µr(dj) + δr(dj))S∗∗
d (dj)

(
2 −

S∗∗
d (dj)

Sr(t, ci)
− Sr(t, ci)

S∗∗
d (dj)

)

+
T

∑
j=0

λrS∗∗
d (dj)I∗∗d (dj)(1 − v3) f (N∗∗

d )

×
[

4 −
S∗∗

d (dj)

Sr(t, dj)
−

I∗∗d (dj)Er(t, dj)

E∗∗
d (dj)Ir(t, dj)

−
Sr(t, dj)Ir(t, dj)E∗∗

d (dj)

S∗∗
d (dj)I∗∗d (dj)Er(t, dj)

−
Ir(t, dj) f (N∗∗

d )

I∗∗d (dj) f (Nr)

]

−
T

∑
j=0

λr(t)S∗∗
d (dj)I∗∗d (dj)(1 − v3) f (N∗∗

d )

[
2 −

Ir(t, dj) f (N∗∗
d )

f (Nr)(I∗∗d (dj))2 −
f (Nr)Ir(t, dj)

I∗∗d (dj) f (N∗∗
d )

]

+ µbS∗∗
b

(
2 −

S∗∗
b

Sb
− Sb

S∗∗
b

)
+ λbS∗∗

b Ns∗∗
i (ci)(1 − v1) f (N∗∗

b )

×
[

4 −
S∗∗

b
Sb

−
I∗∗b Eb

E∗∗
b Ib

−
SbNs

i (t, ci)E∗∗
b

S∗∗
b N∗∗

si (ci)Eb
−

Ib f (N∗∗
b )

I∗∗b f (Nb)

]

− λbS∗∗
b Ns∗∗

i (ci)(1 − v1) f (N∗∗
b )

[
2 −

Ns
i (t, ci) f (N∗∗

b )

Ns∗∗
i (ci) f (Nb)

−
Ns

i (t, ci) f (N∗∗
b

(Ns∗∗
i (ci))2 f (Nb)

]

Further simplification gives

Ṅ = −A1 − A2 −
L

∑
i=0

T

∑
j=0

(λa + λb)Ns∗∗
s (ci)(1 − v1) f (N∗∗

h )

×
[

2 −
Ih(t, ci) f (N∗∗

h )

I∗∗h (ci) f (Nh)
− f (Nh)

f (N∗∗
h

]
−

L

∑
i=0

λbNs∗∗
s (ci)I∗∗b (1 − v1) f (N∗∗

h )

×
[

2 −
Ih(t, ci) f (N∗∗

h )

I∗∗h (ci) f (Nh)
− f (Nh)

f (N∗∗
h

]
− A3 −

L

∑
i=0

ϑb(ci)λbNe∗∗
s (ci)I∗∗b (1 − v1) f (N∗∗

h )

×
[

1 − Ni∗∗
s (ci)Ne

s (t, ci)

Ni
s(t, ci)Ne∗∗

s (ci)

]
−

L

∑
i=0

T

∑
j=0

ϑ(ci)(λa + λb)

× Ns∗∗
e (ci)(1 − v1) f (N∗∗

h )

[
1 −

Ns∗∗
i (ci)Ns

e (t, ci)

Ns
i (t, ci)Ns∗∗

e (ci)

]
− A4 − A5

−
T

∑
j=0

λrS∗∗
d (dj)I∗∗d (dj)(1 − v1) f (N∗∗

d )

[
2 −

Ir(t, dj) f (N∗∗
d )

f (Nr)(I∗∗d (dj))2 −
f (Nr)Ir(t, dj)

I∗∗d (dj) f (N∗∗
d )

]
− A6 − A7

− λbS∗∗
b Ns∗∗

i (ci)(1 − v1) f (N∗∗
b )

[
2 −

Ns
i (t, ci) f (Nb)

Ns∗∗
i (ci) f (Nb)

−
Ns

i (t, ci) f (N∗∗
b

(Ns∗∗
i (ci))2 f (Nb)

]
(21)

where
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A1 =
L

∑
i=0

µ(ci)Ns∗∗
s (ci)

(
2 − Ns∗∗

s (ci)

Ns
s (t, ci)

− Ns
s (t, ci)

Ns∗∗
s (ci)

)

A2 =
L

∑
i=0

T

∑
j=0

(λa + λb)Ns∗∗
s (ci)(1 − v1) f (N∗∗

h )

×
[

4 − Ns∗∗
s (ci)

Ns
s (t, ci)

− N∗∗
es (ci)Ns

s (t, ci)

Ns∗∗
s (ci)Ne

s (t, ci)
−

N∗∗
is (ci)Ne

s (t, ci)

Ni
s(t, ci)

−
Ih(t, ci) f (N∗∗

h )

I∗∗h (ci) f (Nh)

]

A3 =
L

∑
i=0

λb(t)Ns∗∗
s (ci)I∗∗b (1 − v1) f (N∗∗

h )

×
[

4 − Ns∗∗
s (ci)

Ns
s (t, ci)

− Ns∗∗
e (ci)IbNs

s (t, ci)

Ns∗∗
s (ci)Ns

e (t, ci)I∗∗b
−

Ns∗∗
i (ci)Ns

e (t, ci)Ib

Ns
i (t, ci)I∗∗b

−
Ih(t, ci) f (N∗∗

h )

I∗∗h (ci) f (Nh)

]

A4 =
T

∑
j=0

(µr(dj) + δr(dj))S∗∗
d (dj)

(
2 −

S∗∗
d (dj)

Sr(t, ci)
− Sr(t, ci)

S∗∗
d (dj)

)

A5 =
T

∑
j=0

λrS∗∗
d (dj)I∗∗d (dj)(1 − v3) f (N∗∗

d )

×
[

4 −
S∗∗

d (dj)

Sr(t, dj)
−

I∗∗d (dj)Er(t, dj)

E∗∗
d (dj)Ir(t, dj)

−
Sr(t, dj)Ir(t, dj)E∗∗

d (dj)

S∗∗
d (dj)I∗∗d (dj)Er(t, dj)

−
Ir(t, dj) f (N∗∗

d )

I∗∗d (dj) f (Nr)

]

A6 = µbS∗∗
b

(
2 −

S∗∗
b

Sb
− Sb

S∗∗
b

)

A7 = λbS∗∗
b Ns∗∗

i (ci)(1 − v1) f (N∗∗
b )

×
[

4 −
S∗∗

b
Sb

−
I∗∗b Eb

E∗∗
b Ib

−
SbNs

i (t, ci)E∗∗
b

S∗∗
b N∗∗

si (ci)Eb
−

Ib f (N∗∗
b )

I∗∗b f (Nb)

]

We need to show that A1 ≥ 0, A2 ≥ 0, A3 ≥ 0, A4 ≥ 0, A5 ≥ 0, A6 ≥ 0, and A7 ≥ 0.
(Ns∗∗

s (ci))
2 + (Ns

s (t, ci))
2 − 2Ns∗∗

s (ci)Ns
s (t, ci) ≥ 0 so that,

(
Ns∗∗

s (ci)
Ns

s (t,ci)
+ Ns

s (t,ci)
Ns∗∗

s (ci)
− 2
)

≥ 0.
Hence, L1 ≥ 0.

Furthermore, let x = Ns∗∗
s (ci)

Ns
s (t,ci)

, y = N∗∗
es (ci) f (Nh)

Ne
s (t,ci) f (N∗∗

h )
, z =

Ni∗∗
s (ci) f (N∗∗

h )

Ni
s(t,ci) f (N∗∗

h )
.

Then,
[

Ns∗∗
s (ci)

Ns
s (t,ci)

+ Ne∗∗
s (ci)Ns

s (t,ci)
Ns∗∗

s (ci)Ne
s (t,ci)

+ Ni∗∗
s (ci)Ne

s (t,ci)

Ni
s(t,ci)

+
Ih(t,ci) f (N∗∗

h )

I∗∗h (ci) f (Nh)
− 4
]

can be written as

f (x, y, z) = x +
y
x
+

z
y
+

1
z
− 4 (22)

It suffices to show that f (x, y, z) ≥ 0. Since fx = fy = fz = 0 gives rise to x = y = z
and that fxx > 0, fyy > 0, fzz > 0, one can see that the minimum of f (x, y, z) is attainable
at x = y = z. In what follows, (4.10) is reduced to (x − 1)2 ≥ 0 or (y − 1)2 ≥ 0 or
(z − 1)2 ≥ 0 with equality if and only if x = 1 or y = 1 or z = 1, respectively. Hence,
A2 ≥ 0. The proof of A3 ≥ 0, A5 ≥ 0 and A7 ≥ 0 is similar to A2 ≥ 0 while that of
A4 ≥ 0 and A6 ≥ 0 is similar to A1 ≥ 0, and it follows from (4.9) that Ṅ ≤ 0 with Ṅ = 0
if and only if Ns

s (t, ci) = Ns∗∗
s (ci), Ne

s (t, ci) = N∗∗
es (ci), Ni

s(t, ci) = N∗∗
is (ci), Ns

e (t, ci) =
N∗∗

se (ci), Ns
i (t, ci) = Ns∗∗

i (ci)Sr(t, dj) = S∗∗
d (dj), Er(t, dj) = E∗∗

d (dj), Ir(t, dj) = I∗∗d (dj), Sb =
S∗∗

b , Eb = E∗∗
b , Ib = I∗∗b , 0 ≤ v1 ≤ 1, 0 ≤ v3 ≤ 1. Therefore, by LaSalle’s principle, the

largest compact invariant subset of the set where Ṅ = 0 is the endemic equilibrium point
Ee. Thus, every solution in R approaches Ee for R0L(x), R0B(x) > 1, 0 ≤ v1 ≤ 1, 0 ≤ v3 ≤ 1
and Ee is globally asymptotically stable. This complete the proof.
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4.2. Invasion and Co-Existence

Since onchocerciasis is already endemic in many parts of sub-Saharan African, we
assumed that, to have a co-infection of both diseases, infectious rodents or humans with
Lassa fever have to interact with individuals that are already infected with onchocerciasis.
This would simply imply that the recruitment into the susceptible pool of Lassa fever is
already infected with onchocerciasis; that is, ζ(ci) = I∗B. With this new definition, after
setting the onchocerciasis subpopulation to zero and solving the resulting Lassa fever
system, the following stationary state is obtained

N̄s
s
∗∗(ci) =

L

∑
i=0

T

∑
j=0

g1(Res1(x)− 1)Va(Rob(x)− 1)

[
(µ(ci) + ϵb(ci)βb(ci)) + τb(ci)ϵb(ci)βb(ci)

τb(ci)ϵb(ci)βb(ci)R0B(x)γb(ci)(Reb1(x)− 1)

]

N̄e
s
∗∗(ci) =

L

∑
i=0

T

∑
j=0

g2(Res1(x)− 1)

[
(γb(ci) + µ(ci))

2(µ(ci) + ϵb(ci)βb(ci))ζ(ci)(R0B(x)− 1)Vb
τb(ci)ϵb(ci)βb(ci)R0B(x)γb(ci)(Reb1(x)− 1)

]

N̄i
s
∗∗(ci) =

L

∑
i=0

T

∑
j=0

g3(Res1(x)− 1)

[
(γb(ci) + µ(ci))(µ(ci) + ϵb(ci)βb(ci))ζ(ci)(R0B(x)− 1)Vb

τb(ci)ϵb(ci)βb(ci)R0M(x)γb(ci)(Reb1(x)− 1)

]

N̄r
s
∗∗(ci) =

L

∑
i=0

T

∑
j=0

(Res1(x)− 1)Va(Rob(x)− 1)

[
(µ(ci) + ϵb(ci)βb(ci)) + τb(ci)ϵb(ci)βb(ci)

τb(ci)ϵb(ci)βb(ci)R0B(x)γb(ci)(Reb1(x)− 1)

]

where
Va = ζ(ci)(γb + µ(ci)), Vb = τb(ci)ϵb(ci)βb(ci),

g1 =
L

∑
i=0

T

∑
j=0

(µ(ci) + γ1α1(ci) + τ(ci))(µ(ci) + η1(ci)σ(ci))µ(ci)(Res1(x)− 1)
λaθ1[γ1(ci)α(ci)(µ(ci) + η1(ci)σ(ci)) + τ(ci)η1(ci)σ(ci)]

g2 =
L

∑
i=0

T

∑
j=0

(µ(ci) + η1(ci)σ(ci))µ(ci)(Res(x)− 1)
γ1(ci)α(ci)(µ(ci) + η1(ci)σ(ci)) + τ(ci)η1(ci)σ(ci)

g3 =
L

∑
i=0

T

∑
j=0

τ(ci)µ(ci)

γ1(ci)α(ci)(µ(ci) + η1(ci)σ(ci)) + τ(ci)η1(ci)σ(ci)

From these equations, we let I∗TB = N̄e
s
∗∗(ci) + N̄i

s
∗∗(ci)

I∗TB =
L

∑
i=0

T

∑
j=0

(g2 + g3)Va(R0B(x)− 1)

[
(µ(ci) + ϵb(ci)βb(ci)) + τb(ci)ϵb(ci)βb(ci)

τb(ci)ϵb(ci)βb(ci)R0B(x)γb(ci)(Reb1(x)− 1)

]

I∗TB =
L

∑
i=0

T

∑
j=0

T̄(Res1(x)− 1)(R2
ob(x)− 1)

R∈
0B(x)(Reb1(x)− 1)

> 0

T̄(Res(x)− 1)(R2
0B(x)− 1)

R∈
0B(x)(Reb1(x)− 1)

> 0

where

T̄ =
L

∑
i=0

T

∑
j=0

(g2 + g3)Va

[
(µ(ci) + ϵb(ci)βb(ci)) + τb(ci)ϵb(ci)βb(ci)

τb(ci)ϵb(ci)βb(ci)γb(ci)

]

and this implies that the endemic equilibrium is feasible if both R2
0B(x)and Res1(x) >

1. From this expression, it can be noted that, for the co-infection of Lassa fever and
onchocerciasis to prevail, both R2

0B(x)and Res1(x) > 1. For humans to successfully transmit
to the Lassa virus,

λr =
βr(dj)w2(dj)I∗TB

Nr(t, dj)
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λr =
L

∑
i=0

T

∑
j=0

T̄βr(dj)w2(dj)Res(x)(R2
0B(x)− 1)

Nr(t, dj)R2
0B(x)(R2

eb1 − 1)

Transmission is reduced as βr(dj) → 0. The increase in βr(dj) will in turn increase the basic
reproduction number. However, the transmission is reduced if rodent–human interactions
are reduced, i.e., as w2(dj) → 0. Hence, we can conclude that if both OLFs exist in the
population protected against rodent and human interaction, the black fly biting rate will
reduce the reproduction number. Therefore, the infections will be completely eradicated in
the population.

Whether or not one is infected with Lassa fever, in an endemic state, it will invade the
onchocerciasis endemic state, and can only be judged by looking at the growth rate of the
aggregate contributions of Lassa fever into the population.

Let the aggregate contribution of Lassa fever infection be I0. Then,

dI0

dt
=

dNe
s (t, ci)

dt
+

dNi
s(t, ci)

dt
+

dIr

dt

dI0

dt
=

L

∑
i=0

T

∑
j=0

(λa + λb(t))Ns
s (t, ci)−

L

∑
i=0

ϑb(ci)λB(t)Ne
s (t, ci)Ib

− (µ(ci) + γv(ci)α(ci) + τ(ci))Ne
s (t, ci)

+
L

∑
i=0

τ(ci)Ne
s (t, ci)−

L

∑
i=0

ϑb(ci)λB(t)Ni
s(t, ci)Ib − (µ(ci)

+ ηv(ci)σ(ci))Ni
s(t, ci) +

T

∑
j=0

αr(dj)Er(t, dj)− (µr(dj) + δr(dj))Ir(t, dj)

In an endemic state,

dI0

dt
=

L

∑
i=0

T

∑
j=0

(λa + λb)Ns∗∗
s (ci)−

L

∑
i=0

ϑb(ci)λBNe
s
∗∗(ci)I∗∗b − (µ(ci) + γ1(ci)α(ci) + τ(ci))Ne∗∗

s (ci)

+
L

∑
i=0

τ(ci)Ne∗∗
s (ci)−

L

∑
i=0

ϑb(ci)λBNi∗∗
s (ci)I∗∗b − (µ(ci) + η1(ci)σ(ci))Ni∗∗

s (ci)

+
L

∑
i=0

αr(dj)E∗∗
d (dj)− (µr(dj) + δr(dj))I∗∗d (dj)

dI0

dt
=

L

∑
i=0

T

∑
j=0

(λa(+λb)ζ(ci)(R2
eb2(x)− 1)

µ(ci)R2
0B(x)(R2

eb2(x)− 1)
− (µ(ci) + γ1(ci)α(ci) + τ(ci))Ne∗∗

s (ci)

−
L

∑
i=0

ϑb(ci)λB(µ(ci) + η1(ci)σ(ci)ζ(ci)µ(ci)Res(x)I∗∗b
γ1α(ci)(µ(ci) + η1(ci)σ(ci)) + τ(ci)η1(ci)σ(ci)

+
L

∑
i=0

τ(ci)Ne∗∗
s

+
L

∑
i=0

T

∑
j=0

ϑb(ci)λB(t)τ(ci)µ(ci)ζ(ci)Res1(x)
γ1α(ci)(µ(ci) + η1(ci)σ(ci)) + τ(ci)η1(ci)σ(ci)

+
T

∑
j=0

αr(dj)E∗∗(dj)

− (µ(ci) + η1(ci)σ(ci))Ni∗∗
s (ci)− (µr(dj) + δr(dj))I∗∗d (dj).

By substituting λB, λa, λb, I∗∗b , and then simplifying and ignoring some terms, we obtain

dI0

dt
>

L

∑
i=0

T

∑
j=0

xaζ(ci)(R2
eb2(x)− 1)

µ(ci)R2
0B(x)(Reb1(x)− 1)

− ϑb(ci)(xa + xb)

this implies that



AppliedMath 2024, 4 110

ϑb(ci) >
L

∑
i=0

T

∑
j=0

xaζ(ci)(R2
eb2(x)− 1)

µ(ci)R2
0B(x)(Reb1(x)− 1)(xa + xb)

(23)

where

xa =
L

∑
i=0

T

∑
j=0

ρ0(ci)(1 + w2(dj) cos(2πt + T))Res2(x)[γ1α(ci)(µ(ci) + η1(ci)σ(ci))] + ya

γ1α(ci)(µ(ci) + η1(ci)σ(ci)) + τ(ci)η1(ci)σ(ci)

xb =
L

∑
i=0

T

∑
j=0

ϑb(ci)c0(ci)(1 + b cos(2πt + T))(µ(ci) + η1(ci)σ(ci)µ(ci)Res1(x)αbyb

γ1(ci)α(ci)(µ(ci) + η1(ci)σ(ci))R2
0B(x)(R2

0B(x)− 1)yc

xc =
L

∑
i=0

T

∑
j=0

ϑb(ci)c0(ci)(1 + b cos(2πt + T))τ(ci)µ(ci)ζ(ci)Res1(x)αbyb
γi(ci)α(ci)(µ(ci) + η1(ci)σ(ci)) + yd

and

ya = σ0(ci)(1 + w1(ci) cos(2πt + T))τ(ci)µ(ci)ζ(ci)Res1(x)

yb = ϵb(ci)βb(ci)ςb(1 + κb cos(2πt + T))ϕ0(γb(ci) + µ(ci)ζ(ci))(R2
0B(x)− 1)

yc = µb(µb + αb)ϵb(ci)βb(ci)B2

yd = τ(ci)η1(ci)σ(ci)R2
0B(x)(R2

0B(x)− 1)µb(µb + αb)ϵb(ci)βb(ci)B2

Then, onchocerciasis will invade the Lassa fever endemic state if Equation (24) holds and
vice versa if the roles of m and d are interchanged in Equation (24) by symmetry. After
invasion, whether both pathogens co-exist will depend on the values of the respective
reproduction number Re

b2(x), Re
b1(x),R0B, Re

s1(x).

4.3. Analysis of Optimal Control

We define our objective (cost) functional as

J(v1, v2, v3) =
∫ t f

0
(n1Ne

s (t, ci) + n2Ni
s(t, ci) + n2Ns

i (t, ci)

+ n3Nb(t) + n3Nr(t, dj) + r1u2
1 + r2u2

2 + r3u2
3)dt (24)

where n1, n2, n3 > 0 represents the balancing cost factors for the prevention, treatment, and
use of insecticide or pesticide efforts, respectively.

We seek an optimal control v∗1 , v∗2 , v∗3 such that

J((v∗1 , v∗2 , v∗3) = min
{

J(v1, v2, v3) : (v1, v2, v3) ∈ U
}

(25)

subject to the optimal control model above where

U =
{
(v1, v2, v3) : vr(t) is piecewise continuous on [0, t f ], 0 ≤ vr ≤ 1, r = 1, 2, 3

}
(26)

4.4. Existence of an Optimal Control

First, we obtain the boundedness of the state system given an optimal control set U .
We then establish the existence of an optimal control.

Theorem 5. Given (v1(t), v2(t), v3(t)) ∈ U , the state Equation (15) have a bounded solution.

Proof. It is a consequence of Theorem 1.
With the boundedness of the state system established, we now prove the existence of

the optimal control using a result in [6].

Theorem 6. Given an objective functional in Equation (24) subject to system (15) with initial
conditions and the admissible control set in Equation (26), then there exists an optimal control pair
(v∗1 , v∗2 , v∗3) ∈ U such that
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J(v∗1 , v∗2 , v∗3) = min
v

J(v1(t), v2(t), v3(t))

if the following conditions are satisfied

(i) The set of controls and the corresponding state variables are non-empty;
(ii) The control set U is convex and closed;
(iii) The right-hand side of the state system is bounded by a linear function in the state and control;
(iv) The integrand of the functional is convex on U and is bounded below by c1(|v1|2 + |v2|2 +

|v3|2)
δ
2 − c2 − c3 where c1, c2, c3 > 0 and δ > 1.

Proof. The result in (Theorem 1) for the system in (15) with the bounded coefficient
is used to give condition i. The control set is closed and convex by definition. By
Theorem 1, the right-hand side of system in (15) satisfies condition iii. It is clear that
n1Ne

s (t, ci) + n2Ni
s(t, ci) + n2Ns

i (t, ci) + n3Nb(t) + n3Nr(t, dj) + r1u2
1 + r2u2

2 + r3u2
3 is con-

vex on U . Furthermore, since the variable states are bounded, there exists c1, c2, c3 > 0 and
δ > 1, which satisfy

n1Ne
s (t, ci) + n2Ni

s(t, ci) + n2Ns
i (t, ci) + n3Nb(t) + n3Nr(t, dj) + r1u2

1 + r2u2
2 + r3u2

3

≥ c1(|v1|2 + |v2|2 + |v3|2)
δ
2 − c2 − c3

Therefore, an optimal exists.

4.5. The Optimal System

Following the existence of an optimal control, we use Pontryagin’s maximum principle [12]
to derive the necessary conditions for this optimal control. With the co-state variables Γ =
(λ1, λ2, λ3, λ4, λ5, λ6, λ7, λ8, λ9, λ10, λ11, λ12, λ13, λ14), we define our Lagrangian as follows.

A = n1Ne
s (t, ci) + n2Ni

s(t, ci) + n3Ns
e (t, ci) + n2Ns

i (t, ci)

+ n3Nb(t) + n3Nr(t, dj) + r1u2
1 + r2u2

2 + r3u2
3

+ λ1

ζ(ci)−
L

∑
i=0

T

∑
j=0

(λa + λb)Ns
s (t, ci)(1 − v1)−

L

∑
i=0

λBNs
s (t, ci)Ib(1 − v1) + ga


+ λ2

 L

∑
i=0

T

∑
j=0

(λa + λb)Ns
s (t, ci)(1 − v1)−

L

∑
i=0

ϑb(ci)λBNe
s (t, ci)Ib(1 − v1) + gb


+ λ3

[
L

∑
i=0

τ(ci)Ne
s (t, ci)−

L

∑
i=0

ϑb(ci)λBNi
s(t, ci)Ib(1 − v1)− (µ(ci) + η1(ci)σ(ci)v2)Ni

s(t, ci)

]

+ λ4

[
L

∑
i=0

(γ1(ci)α(ci)v2Ne
s (t, ci) + η1(ci)σ(ci)v2Ni

s(t, ci))− µ(ci)Nr
s (t, ci)

]

+ λ5

 L

∑
i=0

λB(t)Ns
s (t, ci)Ib(1 − v1)−

L

∑
i=0

T

∑
j=0

ϑr(ci)(λa + λb)Ns
e (t, ci)(1 − v1) + gc


+ λ6

 L

∑
i=0

τb(ci)Ns
e (t, ci)−

L

∑
i=0

T

∑
j=0

ϑr(ci)(λa + λb)Ns
i (t, ci)(1 − v1) + gd


+ λ7

[
L

∑
i=0

ϵb(ci)βb(ci)v2Ns
i (t, ci)− (γb(ci) + µ(ci))Ns

r (t, ci)

]

+ λ8

[
L

∑
i=0

ϑb(ci)λB(Ne
s (t, ci) + Ni

s(t, ci))(1 − v1)Ib − µ(ci)Nr
r (t, ci) + ge

]
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+ λ9

Λr(dj)(1 + ξr cos(2πt + T))−
T

∑
j=0

λr(t)Sr(t, dj)Ir(t, dj)− g f


+ λ10

 T

∑
j=0

λrSr(t, dj)Ir(t, dj)− (αr(dj) + µr(dj) + δr(dj) + (1 − v3))Er(t, dj)


+ λ11

 T

∑
j=0

αr(dj)Er(t, dj)− (µr(dj) + δr(dj) + (1 − v3))Ir(t, dj)


+ λ12

[
ςb(1 + κb cos(2πt + T))− λbSbNs

i (t, ci)(1 − v1)− (µb + (1 − v3))Sb
]

+ λ13
[
λbSbNs

i (t, ci)(1 − v1)− (µb + αb + (1 − v3))Eb
]

+ λ14
[
αbEb − (µb + (1 − v3))Ib

]

where ga = −µ(ci)Ns
s (t, ci)+γb(ci)Ns

r (t, ci), gb = −(µ(ci)+γ1(ci)α(ci)v2 + τ(ci))Ne
s (t, ci),

gc = (µ(ci) + τb(ci))Ns
e (t, ci), gd = −(µ(ci) + ϵb(ci)βb(ci)v2)Ns

i (t, ci), ge =
L

∑
i=0

T

∑
j=0

ϑr(ci)

(λa(t) + λb(t))(Ns
e (t, ci) + Ns

i (t, ci))(1 − v1), g f = (µr(dj) + δr(dj) + (1 − v3))Sr(t, dj)

Theorem 7. Given an optimal control v∗1 , v∗2 , v∗3 , and the solution of the corresponding optimal
control model, there exist adjoint (or costate) variables Γ that satisfy

dλ1

dt
=

L

∑
i=0

T

∑
j=0

(λa(t) + λb(t))(1 − v1)(λ1 − λ2) +
L

∑
i=0

λB(t)Ib(1 − v1)(λ1 − λ2) + µ(ci)λ1 (27)

dλ2

dt
= −n1 +

L

∑
i=0

ϑ(ci)λB(t)Ib(1 − v1)(λ2 − λ8)−
L

∑
i=0

τ(ci)λ3 − γ1(ci)α(ci)v2λ4 + (µ(ci)

+ γ1(ci)α(ci)v2 + τ(ci))λ2 (28)

dλ3

dt
= λbNs

s (t, ci)(1 − v1)λ1 +
L

∑
i=0

ϑ(ci)λB Ib(1 − v1)(λ3 − λ8) + (µ(ci) + η1(ci)σ(ci)v2)λ3

− η1(ci)σ(ci)v2λ4 − n2 (29)

dλ4

dt
= µ(ci)λ4 (30)

dλ5

dt
= −n2 +

L

∑
i=0

T

∑
j=0

ϑr(ci)(λa + λb)(1 − v1)(λ6 − λ8) + (µ(ci) + τb(ci))λ5 −
L

∑
i=0

τb(ci)λ6 (31)

dλ6

dt
= −n2 +

L

∑
i=0

T

∑
j=0

ϑr(ci)(λa + λb)(1 − v1)(λ6 + λ8) +
L

∑
i=0

ϵb(ci)βb(ci)v2(λ6 − λ7)

+ λb(t)sb(1 − v3)(λ12 − λ13) (32)

dλ7

dt
= γb(ci)(λ1 − λ7) + µ(ci)λ7 (33)

dλ8

dt
= µ(ci)λ8 (34)
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dλ9

dt
=

T

∑
j=0

λr(t)Ir(t, dj)(λ9 − λ10) + (µr(dj) + δr(dj) + (1 − v3))λ9 − n3 (35)

dλ10

dt
= αr(dj)(λ10 − λ11) + (δr(dj) + (1 − v3))λ10 − n3 (36)

dλ11

dt
=

L

∑
i=0

T

∑
j=0

ρ0(ci)w2(dj)Ns
s (t, ci)(1 − v1)(λ1 − λ2)− n3

+
L

∑
i=0

T

∑
j=0

ϑr(ci)ρ0(ci)(1 + w2(dj) cos(2πt + T))Ns
e (t, ci)(1 − v1)(λ5 − λ8)

+
L

∑
i=0

T

∑
j=0

ϑr(ciρ0(ci)(1 + w2(dj) cos(2πt + T)))Ns
i (t, ci)(1 − v1)(λ6 − λ8)

+
T

∑
j=0

λr(t)Sr(t, dj)(λ9 − λ10) + (µr(dj) + δr(dj) + (1 − v3))λ11 (37)

dλ12

dt
= λb(t)Ns

i (t, ci)(1 − v1)(λ12 − λ13) + (µb + (1 − v3))λ12 − n3 (38)

dλ13

dt
= αb(λ13 − λ14) + (µb + (1 − v3))λ13 − n3 (39)

dλ14

dt
= −n3 +

L

∑
i=0

λBNs
s (t, ci)(1 − v1)(λ1 − λ5) +

L

∑
i=0

ϑb(ci)λBNe
s (t, ci)(1 − v1)(λ2 − λ8)

+
L

∑
i=0

ϑb(ci)λBNi
s(t, ci)(1 − v1)(λ3 − λ8) + (µb + (1 − v3))λ14 (40)

with the terminal condition

λ1(t f ) = 0, λ2(t f ) = 0, λ3(t f ) = 0, λ4(t f ) = 0..., λ14(t f ) = 0. (41)

Furthermore, v∗1 , v∗2 , v∗3 are represented by

u∗
1 = max

0, min

1,
1

2r1

L

∑
i=0

T

∑
j=0

[
λBNs

s (t, ci)Ib(λ5 − λ1) + Pa
]


u∗
2 = max

0, min

(
1,

1
2r2

L

∑
i=0

[
ϵb(ci)βb(ci)Ns

i (t, ci)(λ6 − λ7) + Pb
])

u∗
3 = max

0, min

(
1,

1
2r3

L

∑
i=0

[−Sbλ12 − Ebλ13 − Ibλ14 + Pc]

)
where
Pa = ϑb(ci)ΛBNi

s(t, ci)Ib(λ8 − λ3) + ϑ(ci)λBNe
s (t, ci)Ib(λ8 − λ2) + λbSbNs

i (t, ci)
(λ13 − λ12) + (λa + λb)Ns

s (t, ci)(λ2 − λ1) + ϑr(ci)(λa + λb)Ns
i (t, ci)(λ8 − λ6) + ϑ(ci)(λa +

λb)Ns
e (t, ci)(λ8 − λ5)

Pb = γ1(ci)α(ci)Ne
s (t, ci)(λ2 − λ4) + η1(ci)σ(ci)Ni

s(t, ci)(λ3 − λ4)
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Pc = −Sr(dj)λ9 − Er(dj)λ10 − Ir(dj)λ11

Proof. The differential equations governing the adjoint variables are obtained by the
differentiation of the Hamiltonian function, evaluated at the optimal control. Then, the
adjoint system can be written as

dλ1

dt
=

L

∑
i=0

T

∑
j=0

(λa(t)+λb(t))(1− v1)(λ1 −λ2)+
L

∑
i=0

λB(t)Ib(1− v1)(λ1 −λ2)+µ(ci)λ1

dλ2

dt
= −n1 +

L

∑
i=0

ϑ(ci)λB(t)Ib(1 − v1)(λ2 − λ8)−
L

∑
i=0

τ(ci)λ3 − γ1(ci)α(ci)v2λ4 + (µ(ci)

+ γ1(ci)α(ci)v2 + τ(ci))λ2 (42)

dλ3

dt
= λbNs

s (t, ci)(1 − v1)λ1 +
L

∑
i=0

ϑ(ci)λB Ib(1 − v1)(λ3 − λ8) + (µ(ci) + η1(ci)σ(ci)v2)λ3

− η1(ci)σ(ci)v2λ4 − n2 (43)

dλ4

dt
= µ(ci)λ4

dλ5

dt
= −n2 +

L

∑
i=0

T

∑
j=0

ϑr(ci)(λa + λb)(1 − v1)(λ6 − λ8) + (µ(ci) + τb(ci))λ5 −
L

∑
i=0

τb(ci)λ6

dλ6

dt
= −n2 +

L

∑
i=0

T

∑
j=0

ϑr(ci)(λa + λb)(1 − v1)(λ6 + λ8) +
L

∑
i=0

ϵb(ci)βb(ci)v2(λ6 − λ7)

+ λb(t)sb(1 − v3)(λ12 − λ13) (44)

dλ7

dt
= γb(ci)(λ1 − λ7) + µ(ci)λ7

dλ8

dt
= µ(ci)λ8

dλ9

dt
=

T

∑
j=0

λr(t)Ir(t, dj)(λ9 − λ10) + (µr(dj) + δr(dj) + (1 − v3))λ9 − n3

dλ10

dt
= αr(dj)(λ10 − λ11) + (δr(dj) + (1 − v3))λ10 − n3

dλ11

dt
=

L

∑
i=0

T

∑
j=0

ρ0(ci)w2(dj)Ns
s (t, ci)(1 − v1)(λ1 − λ2)− n3

+
L

∑
i=0

T

∑
j=0

ϑr(ci)ρ0(ci)(1 + w2(dj) cos(2πt + T))Ns
e (t, ci)(1 − v1)(λ5 − λ8)

+
L

∑
i=0

T

∑
j=0

ϑr(ciρ0(ci)(1 + w2(dj) cos(2πt + T)))Ns
i (t, ci)(1 − v1)(λ6 − λ8)

+
T

∑
j=0

λr(t)Sr(t, dj)(λ9 − λ10) + (µr(dj) + δr(dj) + (1 − v3))λ11 (45)

dλ12

dt
= λb(t)Ns

i (t, ci)(1 − v1)(λ12 − λ13) + (µb + (1 − v3))λ12 − n3
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dλ13

dt
= αb(λ13 − λ14) + (µb + (1 − v3))λ13 − n3

dλ14

dt
= −n3 +

L

∑
i=0

λBNs
s (t, ci)(1 − v1)(λ1 − λ5) +

L

∑
i=0

ϑb(ci)λBNe
s (t, ci)(1 − v1)(λ2 − λ8)

+
L

∑
i=0

ϑb(ci)λBNi
s(t, ci)(1 − v1)(λ3 − λ8) + (µb + (1 − v3))λ14 (46)

with terminal or transversality conditions

λ1(t f ) = 0, λ2(t f ) = 0, λ3(t f ) = 0, λ4(t f ) = 0..., λ14(t f ) = 0.

On the interior of the control set, where 0 < ui < 1, for i = 1, 2, 3, we obtain

v∗1 = 1
2r1

L

∑
i=0

T

∑
j=0

[
λBNs

s (t, ci)Ib(λ5 − λ1) + Pa
]

v∗2 = 1
2r2

L

∑
i=0

[
ϵb(ci)βb(ci)Ns

i (t, ci)(λ6 − λ7) + Pb
]

v∗3 = 1
2r3

L

∑
i=0

[−Sbλ12 − Ebλ13 − Ibλ14 + Pc]

and

v∗1 = max

0, min

1, 1
2r1

L

∑
i=0

T

∑
j=0

[
λBNs

s (t, ci)Ib(λ5 − λ1) + Pa
]


v∗2 = max

0, min

(
1, 1

2r2

L

∑
i=0

[
ϵb(ci)βb(ci)Ns

i (t, ci)(λ6 − λ7) + Pb
])

v∗3 = max

0, min

(
1, 1

2r3

L

∑
i=0

[−Sbλ12 − Ebλ13 − Ibλ14 + Pc]

)

(47)

The optimality system consists of the optimal control model with the initial condi-
tions, Ns

s (0, ci), Ne
s (0, ci), Ni

s(0, ci), Nr
s (0, ci), Ns

e (0, ci), Ns
i (0, ci), Ns

r (0, ci), Nr
r (0, ci), Sr(0, dj),

Er(0, dj), Ir(0, dj), Sb(0), Eb(0), Ib(0), the costate systems of Equations (27)–(40) with the
terminal condition (41) and the optimality condition (42). Any optimal control v∗1 , v∗2 , v∗3
must satisfy this optimality system.

OLF can be controlled with treatment and pesticides by lowering the number of in-
fected people and vectors, respectively. Infected people can be treated to lower their viral
load and make them less contagious. Insecticides can be used to control vectors that carry
the diseases, such as black flies and rodents, and can be used to obstruct disease transmis-
sion, which could be implemented by public health officials for disease management and
control.

5. Numerical Simulation of the Model and Discussion of Results

We use the fourth-order Runge–Kutta technique [25] to obtain approximate solutions
(ODEs) for the model (15). We solve the co-infection system with terminal conditions in
backward time using the Runge–Kutta method of order 4, i.e., we utilize the explicit and
implicit Runge–Kutta method of order 4 to solve and obtain the solution to the numerical
system. The Runge–Kutta method, as a numerical method, is used for comparative analysis
to obtain a numerical approximation for the system of a nonlinear differential equation,
such as an infectious disease model like ours, that is applicable to other mathematical
models. In this paper, the built-in function of the fourth-order classical Runge–Kutta
method is considered to obtain an approximate solution for our co-infection model for OLF
without optimal control. To implement this method of solution, x(t, :) represents the model
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we developed over the time interval t ∈ [a, b], where t = 150 in our case. The time interval

is subdivided into n equal intervals and the step size is represented by h =
(b − a)

n
, where

h denotes the step size. We chose h = 0.1 in our case.
We consider a system of first-order ODE

x′ = f (t, :) : x(t0, :) = y0, (48)

The solution was obtained by building a Python algorithm which is implemented for the
numerical solution of x(t, :).

We used the initial following conditions: Ns
s (0, ci) = 9000, Ne

s (0, ci) = 800, Ni
s(0, ci) =

10, Nr
s (0, ci) = 50, Ns

e (0, ci) = 800, Ns
i (0, ci) = 20, Ns

r (0, ci) = 50, Sr(0, dj) = 0, Er(0, dj) =
50, Ir(0, dj) = 10, Sb(0) = 300, Eb(0) = 500, Ib(0) = 100. We chose T = 10. The parameters
used for the simulation can be found in Table 2. We varied some of these parameters while
some were estimated and taken from the existing literature.

In Figure 3, we deduce how treatments help and accelerate recovery from Lassa fever,
as can be seen in Figure 3c, as, despite the sharp increase in humans infected with the
disease, as shown in Figure 3a, Figure 3b shows that, at the beginning of the disease spread,
there was a spike in the number of humans exposed to Lassa fever disease but gradually
tending towards zero as they are become diagnosed and isolated for treatment.

Figure 3. Effect of treatment on (a) humans infected by Lassa fever; (b) humans exposed to Lassa
fever; and (c) humans that recovered from Lassa fever.

In Figure 4, we present the dynamics of the human exposure to onchocerciasis virus in
Figure 4a; at the beginning of the time period, there was a huge spike; however, this later
faded away and, despite the increase in the value of the rate of treatment and the proportion
of effective treatment, the dynamics of the two curves remained the same throughout the
time period. Figure 4b aligns with the results of human exposure to the disease, i.e., despite
the spike at the beginning, a significant proportion of the human population recovered
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quickly but also showed that, if not properly treated and mitigated, it will take some time
for people to recover from the onchocerciasis virus.

Figure 4. Effect of treatment on (a) humans exposed to onchocerciasis and (b) humans that recovered
from onchocerciasis.

In Figure 5, after about 10 days, the number of humans infected with both diseases
declined rapidly, showing the effects of treating the human population that are symptomatic
to both diseases, and enabling the quick curtailment of its spread in the population even
though varying the treatment rate parameters is insignificant in the shape of the epidemics.

Figure 5. Effect of the treatment of humans infected with both diseases.

6. Conclusions

In the previous work [19], the co-infection of malaria and Lassa fever was extensively
analyzed on the optimal control; however, this work presents a co-infection model for
OLF with periodic variational vectors and the model was extended to the optimal control
model to analyze the impact of controls, especially in the treatment of infectious humans.
This also represents an improvement on some of the studies in [26–30]. The model is
qualitatively analyzed using both the model without control and model with control. We
investigated the asymptotic behavior of the model without control and with respect to the
equilibria. It is shown, using a Lyapunov function, that the disease-free equilibrium is
globally asymptotically stable when the associated basic reproduction number is less than
one. When it is greater than one, we prove the existence of a globally asymptotically stable
endemic equilibrium with the aid of a suitable nonlinear Lyapunov function. Furthermore,
using Pontryagin’s maximum principle, the necessary conditions for the existence of
optimal control and the optimality system for the co-infection model are established. We
showed that the optimal conditions and controls must be satisfied, and also proved that,
from the invasion and coexistence of both diseases in their endemic states, it can be deduced
that the protection against rodent, human interaction, and black fly biting rates reduces the
reproduction number. The model without control is quantitatively analyzed by studying
how sensitive the basic reproduction number is to the model parameters and the model
simulation using the Runge–Kutta technique of order 4, which is also presented to study
the effect of treatments. We deduced from the quantitative analysis that, if there is an
effective treatment and diagnosis of those exposed and infected with the disease, the



AppliedMath 2024, 4 118

spread of the viral disease can be effectively managed, which is in agreement with the
qualitative analysis of the control model. The limitation of this work is that obtaining
real data for the co-infection of OLF disease did not allow us to fit our model to data to
validate the model we developed, which will lead to one of our future works, i.e., fitting the
model to data using one of the classical parameter-fitting methods like the particle filtering
method. Another future work is to simulate the control model and extend the optimal
control model by showing the effectiveness of control measures using the cost-effectiveness
method. From the numerical graphs (Figures 3–5), we can deduce that a reduction in the
infected population, which infers that more treatment leads to a greater recovery in the
population. From Figures 3–5, it can be seen that the population having recovered from
Lassa fever increases based on the impact of the treatment provided, while onchocerciasis
recovery is slow, which implies that effective treatment is necessary due to the decline
in the population dynamics. This also implies that the exposed or infected populations
must be continuously treated so that there will not be a decline in the recovered population.
However, the simulation results presented in this research gives some insight into the
dynamics of the co-infection of onchocerciasis and Lassa fever virus, which can help guide
public health officials in decision making, especially in sub-Saharan Africa where it is
endemic. The numerical analysis varied the effect of treatment on the population dynamics
of both diseases.
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