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Abstract: The effects of initial small-scale material nonlinearity on the pre-yield and pre-buckling
response of externally pressurized metallic (plane strain) perfect rings (very long cylindrical shells) is
investigated. The cylindrically curved 16-node element, based on an assumed quadratic displacement
field (in surface-parallel coordinates) and the assumption of linear distribution of displacements
through thickness (LDT), is employed to obtain the discretized system equations. The effect of
initial small-scale material nonlinearity (assumed hypo-elastic) on the deformation and stress in the
pre-yield and pre-buckling regime of a very long relatively thin metallic cylindrical shell (plane strain
ring) is numerically investigated. These numerical results demonstrate that the enhanced responses
for metallic rings due to initial small-scale nonlinearity are significant enough to not miss attentions
from designers and operators of submersibles alike.

Keywords: compression failure; pre-buckling; buckling; pre-yield stress; yield; material nonlinearity;
stainless steel

1. Introduction

The present study is primarily motivated by the recent compression failure of the
Titan submersible in the North Atlantic at about 12,500 ft. depth [1]. The findings are
consistent with what had long-earlier been observed both analytically/computationally as
well as experimentally by the first author and his co-authors; see the brief literature review
below [2–6].

Observations made from the fractured portion and detailed theoretical analysis indi-
cate that the failure may have initiated at a stress concentration site such as initial fiber wavi-
ness or misalignment, shown, e.g., in Figure 3 of Chaudhuri [7], and associated resin-rich
areas. Finally, Chaudhuri and Garala [8] published a successful analytical/experimental
effort at improving the compressive strength/toughness of the CFRP material by using a
then-unavailable hybrid carbon/glass commingling concept.

Some of the uncertainties in the failure of thick CFRP cylindrical shells under com-
pressive loading relate to very fundamental questions pertaining to (i) linkage between
macro-structural instability, such as buckling/post-buckling failure of a structural compo-
nent, e.g., a ring or cylindrical shell at the geometric scale of at least several centimeters and
larger [9–21], and micro-structural instability, such as kink band type failure at the fiber-
matrix level (at the geometric scale of about 10 µm) investigated by Chaudhuri [7,19–23],
Chaudhuri and Garala [8], Chaudhuri et al. [24], Moran and Shih [25] and Gutkin et al. [26]
among others.

Buckling and post-buckling responses of arch/ring/cylindrical shell/panel type struc-
tures have been extensively studied in the literature [27–45]. It may be remarked here
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that since the elastic post-buckling of a ring involves deformation hardening type non-
linearity [16,31,32,35,46], there is no final loss of stability in the post-buckling stage. This
is in sharp contrast to the deformation softening type nonlinearity caused by, e.g., the
thickness effect, [11–15], the presence of distributed fiber misalignments (in fiber reinforced
composites) [16,47], and hypo-elastic or inelastic material properties [17,46,47], in addition
to the thickness effect [18–21]. An arch (an open ring with pinned or fixed ends) is, it may be
pointed out in this context, probably the simplest special case which exhibits such behaviors
as nonlinear load-deflection path, bifurcation and snapping (and combinations thereof) of
a general shell, depending on the range of its specific elasto-geometric parameter, defined
in terms of its (modified) slenderness ratio [30,38]. Furthermore, as has been pointed out
earlier by Chaudhuri et al. [40], the hydrostatic buckling pressure of a complete ring can be
obtained as a special case of a hinged uniformly compressed arch with a central angle π.

One major necessary-cum-looked-forward-to item to designers and operators alike is
the heretofore unaddressed analysis on the sensitivity of compressive responses of very
long cylindrical shells (plane strain rings) to initial small-scale material nonlinearity, which
is the primary objective of the present investigation. Applications include but are not
limited to submersibles as well as buried and submerged pipelines, and can be of varying
thicknesses. The fact that many a metallic material/alloy, such as aluminum, molybdenum,
cast iron, stainless steel (304 and 316) among others, is characterized by initial small-scale
nonlinearity in the absence of a well-defined yield point, is well-known in the literature.
The initial small-scale nonlinearity of longitudinal Young’s modulus of a unidirectional
composite under global or macroscopic compression, but local or micro-/nano-scale shear,
caused by crystallite disorientations, as detected by the Raman and X-ray measurements,
inside a carbon fiber [48] is still unavailable in the literature. An approximate derivation of
this is currently underway (and will be reported at a future date).

In what follows, a materials-only [49] nonlinear three-dimensional cylindrical shell
finite element analysis is presented in order to obtain the discretized system of equations.
A cylindrically curved 16-node isoparametric element is employed, which is based on an
assumed quadratic displacement field (in surface-parallel coordinates) and the assumption
of linear distribution of displacements through thickness (LDT) [42,50]. The effect of initial
small-scale material nonlinearity (assumed hypo-elastic) on the pre-buckling as well as
the pre-yield response of a metallic (plane strain) ring is thoroughly investigated. Results
relating to the extension to the same effect on the deformation and through-thickness stress
distribution in the pre-buckling regime of a long asymmetric cross-ply cylindrical shell
(plane strain ring) are deferred to a future date. Finally, physically meaningful conclusions
are drawn from these numerical results.

2. Three-Dimensional Kinematic Relations for a Shell

Referring to Figure 1 and invoking the theory of parallel surfaces, the coefficients of
the first fundamental differential quadratic form of a surface inside a cylindrical shell can
be written in terms of their bottom surface (inside wall) counterparts as follows [45,50–53]:

gx(z) = 1; gθ(z) = gθ(1 +
z
Ri

); gz(z) = 1. (1)

As has been explained earlier by Chaudhuri and Kim [19], the inner surface of the
cylindrical shell/ring is, from the book-keeping point of view, considered more convenient
to serve as the reference surface, since the state of stresses and deformation are primarily
three-dimensional in nature. This is in contrast to what is commonly adopted by the
classical lamination theory (CLT) or first-order shear deformation theory (FSDT), wherein
transverse inextensibility is assumed. The components of the engineering strain in terms of
the physical components of the displacement vector at an arbitrary point inside the shell
are obtained as follows [50–54]:

εx(x, θ, z) =
∂u
∂x

, (2a)
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εθ(x, θ, z) =
1
gθ

(
∂v
∂θ

+ w
)

, (2b)

εxθ(x, θ, z) =
∂v
∂x

+
1
gθ

∂u
∂θ

, (2c)

εz(x, θ, z) =
∂w
∂z

, (2d)

εxz(x, θ, z) =
∂w
∂x

+
∂u
∂z

, (2e)

εyz(x, θ, z) =
1
gθ

(
∂w
∂θ

− v
)
+

∂v
∂z
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Figure 1. An infinitesimal element cylindrical shell. 

As has been explained earlier by Chaudhuri and Kim [19], the inner surface of the 

cylindrical shell/ring is, from the book-keeping point of view, considered more convenient 

to serve as the reference surface, since the state of stresses and deformation are primarily 

three-dimensional in nature. This is in contrast to what is commonly adopted by the clas-

sical  lamination  theory  (CLT) or first-order  shear deformation  theory  (FSDT), wherein 

transverse inextensibility is assumed. The components of the engineering strain in terms 

of the physical components of the displacement vector at an arbitrary point inside the shell 

are obtained as follows [50–54]: 

  ( , , ) ,x

u
x z

x
  




(2a)

1
( , , ) ,

v
x z w

g


 

    

(2b)

1
( , , ) ,x

v u
x z

x g


 


 
 
 

(2c)

( , , ) ,z

w
x z

z
  




 
(2d)

( , , ) ,xz

w u
x z

x z
   

 
 

 
(2e)

1
( , , ) .yz

w v
x z v

g z

 

       

 
(2f)

3. Equations of Motion and the Method of Virtual Work

The second Piola-Kirchhoff stress tensor  is conjugate to the Green-Lagrange strain 

tensor in that their properties are also invariant under rigid body motions. When the equi-

librium of the body at time t + Δt is first expressed using the principle of virtual displace-

ments with tensor notation, the total Lagrangian formulation requires that 

Figure 1. An infinitesimal element cylindrical shell.

3. Equations of Motion and the Method of Virtual Work

The second Piola-Kirchhoff stress tensor is conjugate to the Green-Lagrange strain
tensor in that their properties are also invariant under rigid body motions. When the
equilibrium of the body at time t + ∆t is first expressed using the principle of virtual
displacements with tensor notation, the total Lagrangian formulation requires that∫

V

t+∆tSij δ
t+∆tεij dV = t+∆tR, (3)

where the t+∆tSij and t+∆tεij are the Cartesian components of the second Piola-Kirchhoff
stress tensor and the total Green-Lagrange strain tensor defined at time t + ∆t, respec-
tively, referred to the initial configurations, while t+∆tR represents the external virtual
work. Furthermore,

t+∆tSij =
tS ij + Sij, (4)

and
t+∆tε ij = tε ij + eij , (5)

where tSij and Sij represent components of the second Piola-Kirchhoff stress tensor defined
at time t, and the incremental components of the same during the subsequent time step
∆t, respectively, both referred to the initial configuration. The quantities eij in Equation (5)
denote the linear incremental strain. The incremental constitutive relation, which relates
the components of incremental stress and incremental strain both referred to the initial
configuration, is given by

Sij = Cijrs ers, (6)
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in which Cijrs is the incremental elastic stiffness (material property) tensor, referred to the
initial configuration and represented as [Q] in matrix notation (see Section 4 and also refer
to Figure 2 below). Substituting Equations (4)–(6) into the left hand side of the Equation (3)
finally yields the equations needed for the finite element formulation. The details are
available in Chaudhuri and Kim [11,12].

Because the variation in the strain components is equivalent to the virtual strains, the
right hand side of Equation (3) is the virtual work done when the body is subjected to a
virtual displacement at time t + ∆t. The corresponding virtual work is given by

t+∆tR
∫

t+∆ts

t+∆t f s
j δ0us

j
t+∆tds, (7a)

where t+∆t f s
j is the surface force vector applied on the surface, S, at time t + ∆t, and δus

j is
the jth component of the incremental virtual displacement vector evaluated on the loaded
surface. When the hydrostatic pressure is applied, the loading path is always deformation-
dependent, and the load vector should be evaluated at the current configuration. The
external virtual work can, however, be approximated to a sufficient accuracy using the
intensity of loading corresponding to time t + ∆t, integrated over the surface area, t+∆ts (i−1)

calculated at the (i − 1)th iteration as follows:

t+∆tR =
∫

t+∆ts (i−1)

t+∆t f s
j δ0us

j
t+∆tds. (7b)

4. Constitutive Relations for an Orthotropic Lamina

Taking into account nonlinear elastic (hypo-elastic) behavior (as opposed to plasticity)
and neglecting the thermal and hygrothermal effects, the incremental strain vs. incremental
stress relation of an isotropic material in terms of the principal material directions (x, θ, z)
is given as follows [11,12,18,19]:

[Σ] =



1/tE −ν/tE −ν/tE 0 0 0
−ν/tE 1/tE −ν/tE 0 0 0
−ν/tE −ν/tE 1/tE 0 0 0

0 0 0 2(1 + ν)/tE 0 0
0 0 0 0 2(1 + ν)/tE 0
0 0 0 0 0 2(1 + ν)/tE

. (8)

In the above equation, the compliance matrix components, Σij, i, j = 1, . . ., 6, can be
approximated analytically by the method of Ramberg and Osgood [55], who have suggested
that rising stress-strain curves with a smooth knee be represented by the relation [18].

1
tE

=
1
E

[
1 +

3
7

( tS
SR

)n−1
]

, (9)

where tE and tS = σ denote Young’s modulus and normal stress component at time t,
respectively, of the material. Details of nomenclature and property definitions of this
nonlinear (hypo-elastic) material are shown in Figure 2.
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Figure 2. Definition of parameters in Ramberg-Osgood representation of stress-strain curves [18,19].

The reference “yield” stress σY = SR is defined as the normal stress at which
Es = (Σs)

−1 = 0.7E, where Es is the secant modulus. The exponent, n, known as the
hardening parameter, is found from the expression for the secant modulus thus defined:

E
Es

= 1 +
3
7

( t
0S
SR

)n−1

, (10a)

with
SR = mE. (10b)

Evaluation of Equation (10a) at Es = 0.85E gives

n =
log10(0.441)
log10(S/SR)

+ 1, (11)

where S is the stress at Es = 0.85E. It may be noted that the linear elastic and the perfectly
elastic-plastic (no unloading) cases can be obtained by substituting S = ∞ and n = ∞,
respectively, into Equation (9). The incremental stress vs. incremental strain relation can be
obtained by inversion of Equation (8) as follows:

[Q] = [Σ]−1. (12)

5. Isoparametric Finite Element Discretization

In this section, a materially-nonlinear-only displacement-based three-dimensional
finite element formulation is presented. An alternative approach to the formulation of thick
(laminated) shell nonlinear finite element has recently been developed by Chaudhuri [10].
The Rayleigh–Ritz finite element method (local shape function), which is useful for mod-
eling structures with somewhat less complex geometrical shapes, such as beams, rings
and arches [30], has recently been extended to nonlinear analysis of symmetrically lami-
nated shallow circular arches by Kim and Chaudhuri [38]. A then-unavailable nonlinear
resonance (eigenvalue) based semi-analytical approach was introduced by Chaudhuri [39]
and Chaudhuri et al. [40,41] for computation of the elastic mode 2 collapse pressure of
a moderately-thick to thin isotropic and cross-ply harmonically imperfect rings, which
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is the harmonically imperfect ring counterpart to the Euler type buckling pressure of a
hydrostatically pressurized thin perfect ring [27].

The basic steps in the derivation of isoparametric finite element equations are to select
the interpolation functions of the displacements and the element coordinates. Because
the new element coordinates are obtained by adding the element displacements to the
original coordinates in the incremental analysis, the same interpolations can be employed
for the displacements and coordinates. In the present study, 16-node quadrilateral elements
(Figure 3) are employed because of their computational efficiency, as compared to their
lower-order linear counterparts, which are too stiff to model the shear deformation. The
details are available in Chaudhuri and Kim [11], and are, therefore, omitted here in the
interest of brevity of presentation.
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On computing the left and right sides of Equations (3) and (7) as sums of integrals over
the volume and areas of all finite elements, followed by equating them, and incorporating
the boundary conditions, the principle of virtual displacement, in conjunction with the
materially-nonlinear-only formulation, is invoked to obtain the incremental equations of
motion as follows [11,16,43]:

[KL]{V} = {fL} − {fN}, (13)

where

[KL] =
N

∑
m=1

∫
S(m)

h∫
0

([BLL] [TBT ] [Φ])T [Q] [BLL] [TBT ] [Φ] RidzdS, (14)

[fL] =
N

∑
m=1

∫
S(m)

( [BLL][TBT ] [Φ])T
{

n(t)

0

}
pr (Ri + h)dS, (15a)

[fN] =
NL

∑
m=1

∫
S(m)

h∫
0

([BLL] [TBT ] [Φ])T [tS] RidzdS, (15b)

in which the matrices, [BLL], [TBT ] and [Φ] are defined in Equations, (A1), (A2) and (A3),
respectively, in Appendix A, while [Q] is defined in Equation (12) above, and {V} is given
as follows:

{V}T ={Ub1, . . . , Ub8, Vb1, . . . , Vb8, Wb1, . . . , Wb8, Ut1, . . . , Ut8, Vt1, . . . , Vt8, Wt1, . . . , Wt8}, (16)
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Because the nodal point forces at time t + ∆t depend nonlinearly on the nodal point
displacements, it is necessary to iterate for obtaining a reasonably accurate solution of
Equation (13). The most frequently used iteration scheme for solutions of nonlinear finite
element equations is the Newton-Raphson iteration, because reformations and triangular-
izations of stiffness matrices at selective load and iteration steps are more computationally
efficient without a significant loss of accuracy. In the Newton-Raphson method, only the
stress force vector (i.e., the right hand side of Equation (13)) is modified without chang-
ing the stiffness matrix, after each iteration within a certain load step. The details of the
algorithm employed for solving Equation (13) are available in Section 5 of Chaudhuri and
Kim [12], and Appendix-C of Kim and Chaudhuri [14], and will not be repeated here in the
interest of brevity of presentation.

In actual computer programming, the active columns and the addresses of the diagonal
elements of the total stiffness matrix are stored effectively in an one-dimensional array,
and an effective subroutine COLSOL (active column solver) is used to finally obtain the
incremental displacement for the unbalanced force, t+∆t∆R(i−1) = t+∆t{fL} − t+∆t{fN} (i−1)

in the (i − 1)th iteration. The iteration is continued until the out-of-balance load vector and
the displacement increments are sufficiently small, i.e., the iteration scheme is terminated at
the current load step and moves to the next load step, when the force convergence criterion,∥∥∥t+∆t{fL} − t+∆t{fN} (i)

∥∥∥
∥t+∆t{fL} − t{fL}∥

< ε f , (17a)

with || · || denoting the Euclidean norm of the column vector, and the energy conver-
gence criterion,

{0V}(i)T(t+∆t{fL} − t+∆t{fN} (i−1)){
0V

}(1)T
(t+∆t{fL} − t{fL})

< εe, (17b)

are simultaneously satisfied. Here ε f , εe = 5 × 10−3 represent the preset force and energy
tolerances. In the nonlinear regime, which starts right at the start in the present initial small-
scale material nonlinearity scenario, the Newton-Raphson method with a relatively smaller
magnitude of the load increment would require, as expected, similarly smaller number
of iterations, and vice versa. Otherwise, it may introduce serious errors and, indeed,
diverge from the exact solution. Solution of the resulting nonlinear equations by the
Newton-Raphson (with Aitken acceleration) has earlier been verified by the BFGS (Broyden
Fletcher Goldfarb Shanno) iterative scheme, thus validating computational accuracy of
both the schemes [44,45]. Furthermore, the importance of selection of proper step size
of the loading in the nonlinear range is amply demonstrated by Chaudhuri and Abu-
Arja [56]. One improperly chosen large step size in the middle of this process can induce
an artificially created chaotic situation, even if the previous and subsequent load step sizes
are properly selected.

Bathe and Cimento [57] have provided general guidelines for the number of iterations
needed to achieve convergence within the prescribed tolerance in the context of Aitken
acceleration, while cautioning about the empirical nature of the topic of rate of convergence.
Rapid convergence rate is defined as one, when convergence with prescribed tolerance
(such as what is described above) is achieved for a given load step within 4 iterations
or less. The physical situation reflected by the relatively steeply rising stress-strain plot
and/or pressure-deflection curves, presented in Section 6 below, that arises from the initial
small-scale nonlinearity and that does not deviate too far from linear elastic equilibrium
path fits this description. When a similar convergence with prescribed tolerance is achieved
within 4 to 12 iterations, it is classified as the moderately fast convergence. This physico-
computational scenario arises when the computed equilibrium path passes through the
knee region with rapidly decreasing stiffness, as depicted in, e.g., Figure 4 of Kim and
Chaudhuri [35], Figure 7 of Hsia and Chaudhuri [42], Figure 5 of Kim and Chaudhuri [43],
Figure 8 of Chaudhuri and Hsia [45], Figure 6 of Kim and Chaudhuri [13], Figures 8 and 11
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of Chaudhuri and Kim [11], Figure 11 of Chaudhuri and Kim [12], Figure 6 of Chaud-
huri [16], Figure 11 of Kim and Chaudhuri [14], Figure 7 of Chaudhuri and Kim [17],
Figures 8, 9 and 11 of Chaudhuri and Kim [18], Figures 8–11 of Chaudhuri and Kim [19],
Figures 4 and 5 of Chaudhuri [15], Figure 8 of Chaudhuri [20], Figure 5 of Chaudhuri [21],
and Figure 3 of Chaudhuri [46]. Finally, when a similar convergence with prescribed
tolerance takes more than 12 iterations, it is classified as slow. This is exemplified by the
physico-computational scenario that entails almost flat or flattening region close to the
limit point on the computed equilibrium path with approaching zero-stiffness or nearly
so signaling the onset of localization, as displayed in Figure 6 of Kim and Chaudhuri [13],
Figures 8 and 11 of Chaudhuri and Kim [11], Figure 11 of Chaudhuri and Kim [12], Figure 6
of Chaudhuri [16], Figure 11 of Kim and Chaudhuri [14], Figure 7 of Chaudhuri and
Kim [17], Figures 8, 9 and 11 of Chaudhuri and Kim [18], Figures 8–11 of Chaudhuri and
Kim [19], Figures 4 and 5 of Chaudhuri [15], Figure 8 of Chaudhuri [20], and Figure 5 of
Chaudhuri [21].

The procedure for computation of the hydrostatic buckling pressure of a ring is
outlined by Kim and Chaudhuri [34].

The finite element model of a quarter of the plane strain (perfect) ring along with the
prescribed boundary conditions is presented in Figure 4. Double-symmetry conditions
permit every model under consideration to be limited to only a quarter of the ring such
that the corresponding surface-parallel displacements vanish along the center lines and
the buckled shapes are assumed to be symmetric. Because the loading and geometric
symmetries are assumed, boundary conditions on the surfaces in Figure 4 can be prescribed
as follows [35]:

(a) Geometric Symmetry:

On the surfaces ABFE and CDHG : v(x, 0, z) = 0 and v(x, π/2, z) = 0, (18)

On the surface EHGF : u(x, θ, z) = 0; (19)

(b) Loading Symmetry:

Traction force on the surface BCGF : f S
i = p(x, θ, Ri + h)n(t)

i . (20)
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The plane strain condition in the three-dimensional model is obtained by applying the
displacement constraints as shown below:

u(i)
j = 0, i = b, t, j = 1, . . . , 16 (21a)

v(i)1 = v(i)2 = v(i)5 ,v(i)9 = v(i)10 = v(i)13 ,v(i)11 = v(i)12 = v(i)15 ,v(i)6 = v(i)8 ,v(i)14 = v(i)16 , (21b)

w(i)
1 = w(i)

2 = w(i)
5 ,w(i)

9 = w(i)
10 = w(i)

13 ,w(i)
3 = w(i)

4 = w(i)
7 ,w(i)

11 = w(i)
12 = w(i)

15 ,w(i)
6 = w(i)

8 ,w(i)
14 = w(i)

16 , i = b, t (21c)

where the superscript, i, denotes element number.

6. Results and Discussion

Hsia and Chaudhuri [42] have established the accuracy as well as relatively rapid
convergence characteristics of the present 16 node isoparametric element, employed for
fully nonlinear analysis of perfect shallow homogeneous isotropic cylindrical panels. Kim
and Chaudhuri [14] have shown the convergence of the critical buckling pressure, computed
by the finite element analysis, of a perfect thin finite cylindrical shell; see their Table 1. They
also have compared thus-converged buckling pressure, pcr,FE, with its classical counterpart,
pcr,Donell , obtained using the Donnell shell theory [58]. The 4.5% (approximately) higher
magnitude of the “converged” finite element buckling pressure (in comparison to its
classical Donnell theory counterpart) is attributable to the simplified nature of the Donnell
shell theory in which certain curvature effect is neglected, in a manner similar to the
von Karman type nonlinearity. Chaudhuri and Hsia [44] have shown, in their Figure 2,
a comparison of results, computed using their serendipity-type cubic (24-node) and the
present quadratic (16-node) quadrilateral shell elements, of a homogeneous isotropic
shallow thin panel. Kim and Chaudhuri [35] and Hsia and Chaudhuri [42] have examined
the accuracy of the von Karman type nonlinearity on the computed response of a moderately
thick isotropic ring and a thin-shallow clamped cylindrical panel, respectively.

Example 1. Pre-Buckling and Pre-Yield Response of Relatively Thin Perfect Isotropic Rings with
Small-Scale Material Nonlinearity Subjected to External Pressures

Pre-buckling and pre-yield response of a relatively thin (Ri/h = 25.64) perfect isotropic
stainless steel 316 ring with small-scale material nonlinearity, subjected to external pressure,
is numerically investigated. The inner radius, Ri, and thickness, h, of the ring under
investigation are 10.16 cm (4 in.) and 3.9624 mm (0.156 in.), respectively. The initial elastic
properties are given as follows: E = 206.85 GPa (30 Msi) and ν = 0.3.

The yield stress is 206.843 MPa (30 ksi). A typical stress–strain curve for stainless steel
with definitions of key material parameters is depicted in Figure 1 of Arrayago et al. [59].
The initial (pre-yield/pre-buckling) portion of the stress-strain plot for stainless steel 316,
showing small scale material nonlinearity is displayed in Figure 5.

Before presenting numerical results for relatively thin isotropic perfect rings with initial
small-scale material nonlinearity, those pertaining to thin and moderately thick linear elastic
perfect rings are reproduced first and compared with their classical counterparts [27,28],
pcr,classical , under two different loading conditions (see Table 1 of Chaudhuri [39]). As has
been discussed above in Section 4, double-symmetry conditions permit the model under
consideration to be limited to only a quarter of the geometry such that the corresponding
surface-parallel displacements vanish along the centerlines and the buckled shapes are
assumed to be symmetric. The ring geometry is described in detail in Figure 2 of Kim and
Chaudhuri [47].

A convergence check of the present analysis is available in Table 1 of Kim and
Chaudhuri [47], which shows that the displacement and buckling pressure of the per-
fect ring converge reasonably fast with the 10 × 1 mesh, used in conjunction with the
reduced integration scheme to prevent shear locking [35,47]. The present computed values
for hydrostatic buckling pressure are somewhat higher than their classical counterparts,
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pcr,classical = E/[4(h/R)3], because of the effects of the transverse shear/normal (primarily
shear) deformation and circumferential compressibility, which have softening effects, being
not accounted for in the classical buckling analysis. The exact buckling pressure and dis-
placement are, however, obtained for the constant directional pressure as shown in Table
1 of Kim and Chaudhuri [47], which are higher than the computed hydrostatic buckling
pressure because of the membrane action.
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Figure 5. Initial pre-yield stress–strain curve for stainless steel 316 with initial small-scale nonlinearity.

Table 2 of Chaudhuri [39] has presented comparison of the buckling pressure, pcr,
computed by using the present FEA (see also Ref. [34]) with its nonlinear resonance coun-
terpart, for the afore-mentioned two loading conditions. The relative difference, defined as,∣∣∣ Present FEA−Nonlin Resonance

Present FEA

∣∣∣100%, for the hydrostatic pressure and radial pressure loading
cases are 1.006% and 1.215%, respectively, which testifies to the accuracy of both sets of
results. The slight difference is possibly due to the assumption of transverse inextensibility
in the nonlinear resonance analysis [39], while the present FEA permits transverse normal
deformation. pcr,classical = 2.895 MPa (419.849262 psi).

Figure 6 presents the comparison for plots, depicting the normalized pressure,
p∗ = p/pcr,classical vs. normalized deflection, w* = w/h, of the crown of the relatively
thin (Ri/h = 25.64) perfect quarter-ring (see point D, Figure 4), for linear elastic and initial
small-scale nonlinear material properties. This plot shows that the pressure-deflection
curve for the perfect ring with initial small-scale material nonlinearity deviates from the
corresponding linear elastic response by as much as 15% (approx.) as the buckling pressure
is approached (88% of pcr,classical).
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Figures 7 and 8 exhibit similar comparisons for plots, depicting the normalized pres-
sure, p∗ = p/pcr,classical vs. normalized radial or transverse (εr) and hoop or circumferential
(εθ) strains, respectively, of the crown of the relatively thin (Ri/h = 25.64) perfect quarter-
ring (see point D, Figure 4), for linear elastic and initial small-scale nonlinear material
properties. These plots similarly show that the pressure-strain curves for the perfect ring
with initial small-scale material nonlinearity deviate from their linear elastic response
counterparts by as much as 16.67% and 13.64%, respectively, as the buckling pressure is
approached (88% of pcr,classical). As expected, the transverse normal strain values are about
two orders of magnitude smaller than their circumferential strain counterparts, because of
the relative thinness of the ring. It is interesting to observe the trends of the two deviations
exhibiting opposite directions. The reason is the Poisson effect. However, the radial strains
are so small, that this effect does not have any practical impact.
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Figure 7. Normalized hydrostatic pressure vs. transverse normal strain curve for a perfect relatively
thin (Ri/h = 25.64) stainless steel 316 ring.
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Plots, depicting the normalized pressure, p∗ = p/pcr,classical vs. normalized circum-
ferential or hoop (σθ∗ = σθ/σY) stress, of the crown of the relatively thin (Ri/h = 25.64)
perfect quarter-ring, for linear elastic and initial small-scale nonlinear material properties,
are displayed in Figure 9. Again, the pressure vs. hoop stress curve for the perfect ring with
initial small-scale material nonlinearity deviates from its linear elastic response counterpart
by as much as 10.89% (approx.) as the buckling pressure is approached (88% of pcr,classical).
These enhanced responses due to initial small-scale nonlinearity are significant enough to
not miss attentions from designers and operators of submersibles alike.
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Figure 9. Normalized hydrostatic pressure vs. circumferential stress curve for a perfect relatively
thin (Ri/h = 25.64) stainless steel 316 ring.

7. Summary and Conclusions

The effects of initial small-scale material nonlinearity on the pre-yield and pre-buckling
response of externally pressurized metallic (plane strain) perfect rings (very long cylindrical
shells) is investigated. The cylindrically curved 16-node isoparametric element, based on an
assumed quadratic displacement field (in surface-parallel coordinates) and the assumption
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of linear distribution of displacements through thickness (LDT), is utilized to obtain the
discretized system of equations. The effect of initial small-scale material nonlinearity
(assumed hypo-elastic) on the deformation and stress field in the pre-yield stress and
pre-buckling regime of a perfect relatively thin (Ri/h = 25.64) metallic very long cylindrical
shell (plane strain ring) is numerically investigated, with the objective of understanding its
early-stage compressive behavior. What follows is a list of useful and physically meaningful
conclusions drawn from the numerical results:

(i) Initial small-scale material nonlinearity has a pronounced effect on the pre-yield stress
and pre buckling compressive response a perfect metallic relatively thin (Ri/h = 25.64)
very long cylindrical shell (plane strain ring) under investigation.

(ii) Numerical results suggest that the pressure-deflection curve for a perfect relatively
thin (Ri/h = 25.64) stainless steel 316 ring with initial small-scale material nonlinearity
deviates from the corresponding linear elastic response by as much as 15% (approx.)
as the buckling pressure is approached (88% of pcr,classical).

(iii) The pressure vs. transverse and circumferential strain curves for the perfect relatively
thin (Ri/h = 25.64) stainless steel 316 ring with initial small-scale material nonlinearity
deviate from their linear elastic response counterparts by as much as 16.67% and
13.64%, respectively, as the buckling pressure is approached (88% of pcr,classical).

(iv) The transverse normal strain values are about two orders of magnitude smaller than
their circumferential strain counterparts, because of the relative thinness of the ring.

(v) The pressure vs. hoop stress curve for the perfect relatively thin (Ri/h = 25.64) stainless
steel 316 ring with initial small-scale material nonlinearity deviates from its linear
elastic response counterpart by as much as 10.89% (approx.) as the buckling pressure
is approached (88% of pcr,classical).

(vi) These enhanced responses for metallic rings due to initial small-scale nonlinearity
are significant enough to not miss attentions from designers and operators of sub-
mersibles alike.
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Nomenclature

[BLL]
Linear differential operator matrix relating the linear incremental strain components
to incremental displacement components

b, t Subscript or superscript indicating the bottom and the top surface, respectively
Cijrs Incremental elastic stiffness (material property) tensor

t+∆tdS
Differential loading surface area evaluated at the first iteration of each load step
when hydrostatic pressure is applied

dV Infinitesimal control volume
eij Linear incremental component of the 6 × 1 strain vector
{fL} Applied load vector
t+∆t{fL} Applied load vector at the time t + ∆t
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{fN} Nonlinear internal force vector
t+∆t{fN}(i) Nonlinear internal force vector at the ith iteration of the time step between t and t + ∆t

gj(z)
Coefficient of the first fundamental differential quadratic form of a parallel surface
in the jth direction, j = 1 (x), 2 (θ), 3 (z)

gθ
Coefficient of the first fundamental differential quadratic form of the bottom surface
in the θ direction

h Thickness of the shell/ring
[KL] Linear global stiffness matrix

m, n
Ratio of reference yield stress to the corresponding modulus, and strain hardening
parameter, respectively, in the Ramberg-Osgood representation

N Total number of elements
n(t) Unit normal vector for the top surface with respect to the fixed coordinate system
pr, p Applied general and uniform, respectively, hydrostatic pressure
pcr Classical buckling pressure of a long cylindrical shell (plane strain ring)

[Q], Qij
Incremental elastic stiffness (material property) matrix, and its components,
respectively

Ri Inner radius of a long perfect cylindrical shell (plane strain ring)
t+∆tR External virtual work done on a body
r Radial coordinate of a point in an undeformed perfect ring

t+∆tS
Loading surface area evaluated at the first iteration of each load step when
hydrostatic pressure is applied

Sij Incremental stress component
t+∆tS ij Second Piola-Kirchhoff stress tensor at time t + ∆t
t
∧
S ij 9 × 9 stress matrix evaluated at time t

tS ij 6 × 1 stress vector evaluated at time t
t Time as an index

Ubj,Vbj,Wbj
Incremental nodal displacement components at the jth node on the bottom surface in
x1 (or x), x2 (or θ), and z directions, respectively

Utj,Vtj,Wtj
Incremental nodal displacement components at the jth node on the top surface in
x1 (or x), x2 (or θ), and z directions, respectively

x, θ, z Coordinates of a point
t+∆tε ij Total Green-Lagrangian strain tensor evaluated at time t + ∆t
ε f , f , εe Force and energy convergence criteria, respectively
[Φ] Quadratic global interpolation function matrix
ψj(r′, s′) Quadratic element interpolation function in terms of r’ and s’

Appendix A. Definition of Certain Matrix Operators

The matrix [BLL] referred to in Equations (14) and (15a,b) is given by [18,19,43]

[BLL] =



∂
∂x 0 0
0 1

gθ

∂
∂θ

1
gθ

0 0 ∂
∂z

0 ∂
∂z −

1
gθ

1
gθ

∂
∂θ

∂
∂z 0 ∂

∂x
1
gθ

∂
∂θ

∂
∂x 0


, (A1)

The layer-wise linear distribution of displacement matrix, [TBT], referred to in Equa-
tions (14) and (15a,b), can be written as follows:

[TBT(z)] =

1 − z
h

z
h

1 − z
h

z
h

1 − z
h

z
h

, (A2)
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The quadratic global interpolation function matrix, [Φ], referred to in Equations (14)
and (15a,b), is given by [18,19,34,43]

[
Φ(r′, s′)

]
=



{ψ} {0} {0} {0} {0} {0}
{0} {ψ} {0} {0} {0} {0}
{0} {0} {ψ} {0} {0} {0}
{0} {0} {0} {ψ} {0} {0}
{0} {0} {0} {0} {ψ} {0}
{0} {0} {0} {0} {0} {ψ}

, (A3)

wherein
{ψ} = {ψ1 ψ2 ψ3 ψ4 ψ5 ψ6 ψ7 ψ8}, (A4)

and {0} is 1 × 8 null matrix. ψj(r′, s′), j = 1, . . ., 8, are the shape functions as used for

displacements and coordinates. Finally, stress vector,
{

tSij

}
, referred to in Equation (15b),

is given as follows: {
tSij

}T
=

{tS11
tS22

tS33
tS23

tS13
tS12

}
. (A5)
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