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Abstract: The concept of complex fuzzy sets, where the unit disk of the complex plane acts as the
codomain of the membership function, as an extension of fuzzy sets. The objective of this article is to
use complex fuzzy sets in BCK/BCl-algebras. We present the concept of a complex fuzzy subalgebra
in a BCK/BClI-algebra and explore their properties. Furthermore, we discuss the modal and level
operators of these complex fuzzy subalgebras, highlighting their importance in BCK/BCl-algebras.
We study various operations, and the laws of a complex fuzzy system, including union, intersection,
complement, simple differences, and bounded differences of complex fuzzy ideals within BCK/BCI-
algebras. Finally, we generate a computer programming algorithm that implements our complex
fuzzy subalgebras/ideals in BCK/BClI-algebras procedure for ease of lengthy calculations.

Keywords: BCK/BCl-algebras; fuzzy logic; complex fuzzy set; complex fuzzy subalgebra; complex
fuzzy ideal

MSC: 06F35; 03B52; 03B05; 03B47

1. Introduction

The concept of fuzzy sets, initially proposed by Zadeh [1], has been used extensively
by numerous researchers to address problems of uncertainty and inaccuracy in current
challenges. Axiom systems for propositional calculi were developed by Imai et al. [2,3].
They consist of axioms and rules of reasoning that help people draw conclusions and show
that logical arguments are valid. Theoretical logic refers to propositional logic in statements
are manipulated and analyzed using logical operators and their truth values such as AND,
OR, and NOT. Many mathematical systems, including propositional logic, can be modeled
and analyzed using algebraic structures. In 1966, Iséki [4,5] proposed BCK/BCl-algebras
as an extension of the concepts of set-theoretic difference and propositional calculus.
A comprehensive analysis of the theory of BCK/BCl-algebras was subsequently published,
highlighting in particular the ideal theory of BCK/BCl-algebras. Meng [6] introduced the
concept of ideals of BCK-algebras.

Al-Masarwah et al. [7] studied doubt bipolar fuzzy H-ideals in BCK/BCl-algebras and
investigated many interesting properties of ideals. Balamurugan et al. [8-10] introduced
a polar fuzzy set as an extension of the fuzzy sets applied to BCK/BClI-algebras. Al-
shami et al. [11-15] proposed the ideas of (2,1)-fuzzy sets, (a,b)-fuzzy sets, (m,n)-fuzzy sets,
SR-fuzzy sets, and k};,-rung picture fuzzy sets, which can help people make decisions that
take more than one factor into account. The idea of complex fuzzy set was first introduced
by Ramot et al. [16,17]. The set of complex numbers is an extension of the set of real
numbers, first introduced by Gauss in 1795. A complex fuzzy set is an extension of a fuzzy
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set whose range is extended from [0,1] to a disk with a radius of 1 in a complex plane.
Hu et al. [18] represented the signals as complex fuzzy sets and examined their orthogonal
properties. Song et al. [19], distance measures are used to quantify the dissimilarity or
similarity between two data points in a given data set.

Garg et al. [20] introduced the complex intuitionistic fuzzy soft SWARA-COPRAS
approach, a methodology for decision making, particularly in the context of selecting
enterprise resource planning (ERP) software. It integrates various techniques such as
SWARA and COPRAS within the framework of complex intuitionistic fuzzy soft sets to deal
with uncertainty and ambiguity in decision-making processes. Dai [21] developed quasi-
MV-algebras as mathematical constructs used in complex fuzzy logic. These structures are
based on MV-algebras, which in turn generalize Boolean algebras to effectively manage
complicated fuzzy inferences. This extension enables a more fine-grained and adaptive
approach to modeling uncertainty and indeterminacy. Xu et al. [22] introduced complex-
valued migration into complex fuzzy operations.

Yang et al. [23] introduced the complex intuitionistic fuzzy-ordered weighted distance
measure, a method for evaluating the similarity or dissimilarity between complex intuition-
istic fuzzy sets considering weighted attributes and their distances. Zeeshan [24] developed
complex fuzzy sets with applications to decision problems. Abubhijleh et al. [25] studied
complex fuzzy subgroups and their properties. Dai [26] studied complex linguistic fuzzy
sets, which are concepts of fuzzy logic and fuzzy set theory that focus on thinking and
decision-making in uncertain situations.

Yasin [27] introduced trigonometric similarity measures of complex fuzzy sets, which
refers to mathematical methods used to quantify the similarity or dissimilarity between
complex fuzzy sets. Al Tahan et al. [28-30] examined in detail the properties of complex
fuzzy Hv subgroups, Krasner hyperrings and the linear Diophantine fuzzy n-fold weak
subalgebra of a BE-algebra.

Motivation and objectives of the proposed method are as follows:

1.1. Motivation

1.  The complex fuzzy ideals offer a natural extension of classical ideals to BCK/BCI-
algebras, allowing for a more comprehensive analysis of their properties and behavior.

2. It provides a means to quantify this fuzziness within the framework of BCK/BCl-algebras.

3. It offers a versatile representation that can capture a wide range of algebraic structures
and properties within BCK/BCl-algebras.

4. Complex fuzzy ideals play a crucial role in these applications by providing a formalism
for reasoning about fuzzy sets, approximate reasoning, and uncertainty management
within the framework of BCK/BCl-algebras.

1.2. Objectives of the Proposed Method

1.  The complex fuzzy sets are a new concept that extends traditional fuzzy sets by using

complex numbers or fuzzy numbers as elements.

We aim to apply complex fuzzy sets in BCK/BCl-algebras.

3. We present the idea of complex fuzzy subalgebras in BCK/BCl-algebras and investi-
gate their properties.

4. We explore modal and level operators associated with complex fuzzy subalgebras in
BCK/BCl-algebras.

5. We investigate various operations, such as union, intersection, complement, sim-
ple difference, and bounded difference, defined on complex fuzzy ideals within
BCK/BCl-algebras.

6. We provide a systematic method for dealing with complex fuzzy sets and operations
in BCK/BCl-algebras, potentially providing practical applications and computational
implementations.

N
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The structure of this research article is outlined as follows: Section 2 introduces
the concepts of BCK-algebras, fuzzy subalgebras, fuzzy ideals, and complex fuzzy sets.
In Section 3, a framework for complex fuzzy subalgebras within BCK/BCl-algebras is
proposed, and their properties are examined. Section 4 presents various operations defined
on complex fuzzy ideals, including unions, intersections, complements, simple differ-
ences, and bounded differences. Section 5 deals with a theoretical comparative analysis
of the proposed approach. In Section 6, the advantages of the proposed approach are
presented. At the end, Section 7 offers conclusions and outlines future research directions.
In Appendix A, we generates a computer programming algorithm that implements our
complex fuzzy subalgebras/ideals in BCK/BCl-algebras procedure for ease of lengthy
calculations.

In this article we often use different symbols and their corresponding meanings. These
symbols and their explanations are summarized in Table 1 below:

Table 1. List of symbols and abbreviations.

Symbols Abbreviations

u BCK/BCl-algebra

CFI Complex Fuzzy Ideal

CFS Complex Fuzzy Set

CFSA Complex Fuzzy Subalgebra
FI Fuzzy Ideal

FS Fuzzy Set

FSA Fuzzy Subalgebra

2. Preliminaries

An important class of legitimate algebras known as BCK/BCl-algebras, initially de-
veloped by Iséki (refer to [2,3]), has undergone extensive investigation by numerous
researchers. We recall the concepts and basic insights necessary for this work. If the criteria
are satisfied and a fixed U possesses a designated element denoted as 0 along with a binary

",

operation “¢

(L) (v, 8,k e U)(((God)o(Gok))o(kod) =0),
(L) (Y6, ¢ U)((go(god))ed=0),
() (V¢ eU)(gog=0),
(i) (v, geU)(cod=000¢=0=¢=43),
then we categorize U as a BCl-algebra. Furthermore, if a BCl-algebra U additionally
satisfies:

(Is) (Y¢eU)(0o¢=0),then U as a BCK-algebra.
A fuzzy set (FS) A defined on U is given by

A={(g04(0) : ¢ceuy,
where 04: U — [0,1] is a real-valued membership function such that o4 (¢) < 1, for all
cel.
A FS A of Uis called a FSA of U if it meets
(Ve 8 € U,og (£0) = 04(2) A5 ()
A FS A of Uis called a FZ of U if it meets
(V6,8 e Uog(5) 2 04(508) Nk (8)).

5

Definition 1. Let A be a fuzzy set of U. Then, modal operators (i), (ii), and level operators (iii), (iv)
are defined by
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Ramot et al. [16,17] extended fuzzy set theory by introducing the concept of complex
fuzzy set (CFS) and incorporating phase angle into the analysis. They provided the
following definition:

Definition 2 ([16,28]). A CFS, defined on U is characterized by the membership function (©)

that assigns any element, a complex-valued grade of membership in A. The CFS may be represented
by the set of ordered pairs

A={oa() s geuy,

o N Ba(0)
where 04 (¢) = 72(§)e A, i =

Definition 3 ([28]). Let A = {(¢,04(¢)) : ¢ € U} and B = {(é,ﬁB(gv)) : ¢ e U}be

complex subsets of a non-void set U with membership functions 04 (¢) = v4(¢)e A and
(

¢

o\ i0p(8) . . . y y
(©) 'yB(g)e B respectively. By UA( ) < UB(g), we mean that 7 ) < fyB(g) and
95(¢).

©) (¢)

<
E

IN

5

3. Complex Fuzzy Subalgebras of BCK/BCI-Algebras (CFSAs)

In this section, we will review basic ideas about CFSs, and CF S As on the universal
set U # @.

Definition4. ACFS A = (¢, ﬁA((j)) is considered a CFS A of U if ¢,0 € U, and its satisfies

following:

L 04(0) 204(¢)

2. 04(500) 2

Example 1. Take a BCK-algebra U = {0,¢, §, %} with Table 2. Now define a CFS A on U as:
A = {(0,0.8¢9°7), (¢,0.8¢9°7), (§,0.5¢"27), (i, 0.8¢/057) }.

It is easy to show that A is a CFSA of U.

",

Table 2. Cayley’s table representing the binary operation denoted by “o”.

o 0 ¢ b %
0 0 0 0 0
¢ s 0 0 I8
0 0 0 0 0
% e % e 0

Example 2. Take a BCI-algebra U = {0, ¢, §, %, 3¢} with Table 3. Now define a CFS A on U as
°A — {(0, 0‘961'0.67'[), (CI 0'761'0.57'[), (é/ 0‘461'0.37'[), (;\{, 0‘461'0.37'[)/ (%, 0'461'0.37'() }

It is easy to show that A isa CFSA of U.
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Table 3. Cayley’s table representing the binary operation denoted by “¢”.

o 0 ¢ B i P
0 0 0 P i J
¢ ¢ 0 g i g
; ¢ ¢ 0 ¢ ;
i i i 3 0 P
P 2 2 i 3 0

Property 1. If Aisa CFSAof U, then © 4 (0) > 4 (¢).

Proof. Let A be a CFSA of U. Then
ei(ﬂA(é)AﬂA(é))

O

Definition 5. Let A be a CFS of U. Then modal operator BBA is defined as

] ﬂA(Q)
@ i
0aa(@) = S e

Example 3. Let 05 (¢) = {(¢1,0.4¢°7), (2,0.8¢17), (¢3,0.6¢"37)} be a CFS of U. Then
5,1(6) = {(1,026757), (¢, 0.460057), (¢3, 0360157} is a CFS of .

Theorem 1. Let A bea CFSA of U. Then BA isa CFSAof U.

Proof. For each ¢, € U, we have

v
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Let¢, 0 € U. Then

O

Definition 6. Let A be a CFS of U. Then modal operator KA is defined as

.aA(§)+l
R YGE T
002 () = 25—

Example 4. Let 05 (¢) = {(¢1,0.3¢10°7), (¢3,0.7¢/927), (¢3,0.5¢047) } be a CFS of U. Then
92 (¢) = {(cn 0.8¢/0757), (¢5,0.85¢7007), (¢3,0.75¢"07™) } is a CFS of U.

Theorem 2. Let Abea CFSAof U. Then XA isa CFSA of U.

Proof. For each ¢, € U, we have

G&A(())_ 5 e
# 5 (6)+1
. A
TA) +1 ’( 2 )
> = e
- 2
= Ug4(6)

Let¢, 0 € U. Then

Therefore, XA isa CFSAof U. [

Definition 7. Let A be a CFS of U. Then level operator A is defined as
o 2 H2vea(0)
0,4(0) = (3v12(0) e (30)

Example 5. Let 05 (¢) = {(¢1,0.4¢67), (¢2,0.6¢"27), (¢3,0.5¢"7)} be a CFS of U. Then
6,4(0) = {(c1,0.56957), (¢, 0.66"57), (¢3,05¢07%)} bea CFS of U

Theorem 3. Let A bea CFSA of U. Then !Aisa CFSA of U.
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Proof. For each ¢, € U, we have

1 i 1ve 5 (0)
ﬁ!A(O):<2\/')’A(O))E<Z A")
1 . il zVO 4 (¢)
Z(zV’YA(Q)>€(2 A )
=7,5(¢)
Let ¢, ¢ € U. Then
I 1 ey PR (600)
U.A(goe)—zvm(goe)e<b >
1 . i( 04704 )
> ZV(’YA(g)/\’YA(Q))€< ’ )
1 NN 1 o 104 (0)
z(zvvé(g) & >A<2 Ald)e 2 )
:ﬁlA(gv)/\ﬁlA(é)

Therefore, !Aisa CFSAof U. [

Definition 8. Let A be a CFS of U. Then level operator ?A is defined as

0,40 = (1nrz00) 72 %)

Example 6. Let 0 (¢) = {(¢1,0.4¢07), (¢,0.6¢'02™), (¢3,0.5¢077) } be a CFS of U. Then
UvA(gV) = {(c1,0.4¢'057), (¢5,0.5¢027), (¢3,0.5¢0°7) } be a CFS of U

Theorem 4. Let Abea CFSAof U. Then ?Aisa CFSAof U.

Proof. For each ¢, € U, we have

576(0) =

Let ¢, 0 € U. Then

>
<2
D>
~—~
¢
&
¢
~—
° ~
~—
<
>x
e
>
¢
S~——

A~ NI= NI=
N— >

<
-~
o>

Therefore, ?Aisa CFSAof U. O
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4. Complex Fuzzy Ideals of BCK/BCI-Algebras (CFls)

In this section, we will review basic ideas about the CF'Ss, and CFZs over the univer-

sal set U # @.
Definition9. ACFS A = (¢, 04 (¢)) is considered as CFT of U if ¢, § € U, the following hold:
Lo 04(6) 2 04(508) Aoy(8)

Example 7. Take a BCK-algebra U = {0,¢, §, &, 3¢} with Table 4.
Now definea CFS A on U as

A = {(0,0.676"0°7), (¢,0.34"0437), (,0.67¢70057), (i, 0.34¢70437), (37,0.34¢70437) }.

It is easy to show that A isa CFI of U.

Table 4. Cayley table representing the binary operation denoted by “o”.

O O | X

R D¢
N¢ A O N O | ¢

N« DN O | O
N« D O | D
N O O O O &
O O OO O N

Ac

Property 2. Every CFL of U is order-preserving.

Proof. Let Abea CFSA of Uand let ¢, § € U be such that ¢ < §. Then

L 10x(0)
/\75(9)6’ A

. oy (O R (God)ND 4 (8))
= (a0 Argle)e A7 A

O
Theorem 5. Every CFZ of U isan CFSA of U.

Proof. Since (¢ ¢ < ¢, it follows from Property 2 that 04 (¢ ©§) > 04 (¢). Hence, by

Definition 9,

L o A(S)
04 (8008) =5 (0e A
Lo P4 (600) L 05 (0)
= (1300 &7 ) A (r5(@)e &)
v % oy (O R (God)ND 4 (8))
= (3o Arge)e A7 A
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andsoAisaCFSAofU. O
Theorem 6. Let A be a CFZI of U. If the inequality ¢ o § < & holds in U, then 04(¢) =
ﬁa(é) /\171:4(1\6)

Proof. Let A be a CFZ of U and assume that ¢ ¢ § < & holds in U. Then

It follows that, OA(C) > UA(k) A 5A(é) O

Definition 10. Let A be a CFS of U. Then, the complement A is defined as
L y 1@2r=02(2))
Co4(0)) = (1 —ra(De 47

Example 8. Let
4(S)

— {(gﬁ,O.SeiOAﬂ), (gvz,0.6ei0'2”), (gV3,0.8ei0-1”), (gv4,0.26i0'3”), (gv5,0'56i71')’ (Qvél O.9ei0'1”)}

bea CFS. Then,
C(04(8))

— {(Qvll 0‘7ei1.67r)/ ((;Vz, 0‘4ei1.87r)/ (gv3, 0.26“'9”), (gv4, 0.86i1'7”), (gv5, O.Sei"), (gv6,0.1ei1'9")}.
Property 3. ACFSofUisaCFZLofU iﬁ‘C(ﬁA) isa CFZL of U.
Proof. Let Abea CFZ of U and let & § € U. Then
C(04(0) =1 04(0)

i(2r—1 z (0
= (gAY

and
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Thus C(0 A) isa CFZ of U. The converse of the theorem can be proven in a similar way. [

Definition 11. Let A; and A, be two CFSs of U. Then, the union A; U A, is defined as

i(ﬁal (C)Vﬂézlz(é))

Oa,04,(8) = (14, () Vg (6))e
Example 9. Let
ﬁAl (©) ={(c1, O‘6ei0'5n)/ (¢2, 161‘0'57[)/ (c3, 0‘86i2n)r (¢a, 0.961‘0.471), (¢5, 0.761‘7'[), (¢, O'5€i0'4n)}

and

v4,(6)
= {(gvll 0'26in)/ (gVZI 0-161'0.87[)/ (gv3/ 0'861'0.87[)/ (gv4/ 0'261'0.97[)/ (gVSI 0'961'0.97[)/ (gv6/ 0‘361'271’)}
be a CFSs. Then,

U A A (C) = {(gvlr 0-6ei7r)/ (QVZI 1ei0.871’), (gv3/ 0'8€i2n)r (gv4/ 0'9ei7r)/ (€v5/ 0'9eiﬂ)/ (gv6/ 0'5€i27r)}‘
(4,u4,)
Property 4. Let A and A, be two CFZLs of U. Then Ay U A, isa CFZ of U.

Proof. Let A; and A, be two CFZs of U and let ¢, § € U. Then

i(ﬂél (0)\/195 (0))

2

i(ﬁél (GV)WAZ(‘?))

and

UAuA,y©) = (14 () Vg (€))e S 52
2 (74, (€od) Arg () V(g (Sod) Arg (9)))

(04 (@0N04 @IV(0g (@DA04 (@)

Pal 5 52
If one is contained in the other, then

2 (74, (€00) Vg (€od) Alrg (
gi((0A>1 (Coé)wé2 (CQQV))/\WAl (0)VO 4

52

OV s (@)
(@)
)ei(ﬂél (CO@)WAZ (God)) A

(0, (@vo5 @)

52

Therefore, A UA,isaCFZof U. O

Example 10. Take a BCK-algebra U = {0, ¢, , X, 3¢} with Table 5.
Now define CFS A, on U as

u K 4 J S x

o4 () ‘ 0.9¢077 0.7605™ 05603 03001 0,300
51
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It is easy to show that A, is a CFZI of U.
Now define CFS A, on U as
u K 4 J S x
o4 () ‘ 0.6¢057 0.4¢06T 0,605 0.4¢7067T 0.47067
52

It is easy to show that A, is a CFZ of U.
Now define CFS A; U A, on U as

v

u K 4 J S X
ﬁ(A ~ )(gv) ‘ 0‘9610.77r 0.7610'67[ 0.6610'57[ 0.4610‘67[ 0.4610‘67[
2

It is easy to show that Ay U A, isa CFZT of U.

",

Table 5. Cayley’s table representing the binary operation denoted by “¢”.

o 0 4 B i 2
0 0 0 0 0 0
4 4 0 4 0 0
J J J 0 0 0
b i i i 0 0
% 3 3 3 i 0

Definition 12. Let A; and A, be two CFSs of U. Then, the intersection A, N A, is defined as
_ “ . o (B4 (N84 ()
Dana,) @) = (13 ©) Ay (@)e S 4

Example 11. Let

0A1 (9!) — {(Qvlz O.6ei0'5”), (szl 161‘0.571), (ngI 0.86i2”), (gv4, 0.561'0‘471'), (QVS, 0.961'0‘471'), (Qv6, 0.761‘71)}

and
va,(6)
— {(c1,0.2617), (¢3, 0.16087), (3, 0.7¢1077), (¢4, 0.16097), (5, 0.9¢077), (5, 0.6¢1067) }
be a CFSs. Then,
Painay ©)
— {(Qvlf 0.2ei0~5”), (ng, 0‘1ei0.57r)/ (€v3, 0‘7ei0.77r)/ (€v4, 0‘1ei0.47r)/ (€v5/ 0‘9ei0.47r)/ (€v6/ 0.6(30'6i”)}.
Property 5. Let Ay and A, be two CFZLs of U. Then Ay N A, isa CFZ of U.

Proof. Let A; and A, be two CFZs of U and let ¢, § € U. Then,
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and

51
(04 (€0N08 @A E0)N04 ()

e Bl *1 *2

Il
—
—
<

.3
—~
¢

<
=X
S~—

>
¢

(@) A (15, (E08) Arg (8)
)

74 €0 A1y (@ A75 (@)

51
1'((19A,1 (Coé)w@z (Coé))A(ﬁél (é)N?AZ (@)

i(8 5 (005 (£00))

= (va (God) Nrg (God))e 2

Therefore, Ay NA,isaCFZof U. O

Example 12. Take a BCK-algebra U = {0, ¢, 0, &, 3¢} with Table 6.
Now define CFS A, on U as

u K 4 J S X

ﬁA (C) ‘ 0.6610'87[ 0.5610'77[ 0.4610'6" 0.4610‘67[ 0.4610‘67[
25

It is easy to show that A, is a CFZI of U.
Now define CFS A, on U as

u K 4 J S X

ﬁA (C) ‘ 0.8610'67I 0'7610.57I 0.6610'37T 0.6610'37[ 0.6610'37[
572

It is easy to show that A, is a CFZI of U.
Now define CFS A; N A, on U as

u | 0 4 J S X

A0, () ‘ 0.6¢007T  0.5¢07  0.4¢037 0467037 (.40

It is easy to show that A; N Ay is a CFZ of U.

",

Table 6. Cayley’s table representing the binary operation denoted by “¢”.

¢ ADN O | O
N AN O | ©
N AUD O O |
AR AC O N O | ¢

OO O O &«

D¢

cooc oo

Definition 13. Let A; and A, be two CFSs of U. Then, the simple difference A, \ A, is defined as

"“91,41 (é)waz(é))

Dana,) (€)= (14 () Ava (6))e

Example 13. Let
v4,(6)

— {(Qvlz O.8ei0-1”), (szl O.4ei0'6”), (gvg,, 161‘71), (gv4,0.76i0'2ﬂ), (gv5,0.36i0'5ﬂ), (gv6,0.96i0'977)}
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and

v4,(6)
= {(1,0.2¢), (¢2,1e*7), (c3,0.5¢*2™), (1, 0.1e*°7), (¢5,0.9¢*7™), (5, 0.4*17) }
bea CFSs. Then,
Oa,a, ) =
{(1,02¢*17), (¢2,0.4¢*07), (c3,0.5¢*27), (4, 0.1e*27), (¢5,0.3¢"°7), (cs, 0.4¢"17) }.

Property 6. Let Ay and A, be two CFZLs of U. Then A, \ Ay isa CFZ of U.

Proof. Let A; and A, be two CFZs of U and let ¢, § € U. Then

i(®x ()NS5 (0)
A0 A (0) = (14 ; A,0A
PApAy 0 = (1g (00 A7g (0))e = 52

i(ﬁél (N4 ()

52

and
))ei(ﬁ‘Al (é)WAz(é))
) A (15, (E08) Arg (8)

4 )/\(19A2 (Cod)nd 5 (0))

52

=~

((“YA] (o d) A 752(50 0)) A (751 (0) A 752(@))
(1951 (ioé)AﬂAZ (Coé))/\(ff‘él (QV)WAb2 ()

)ei(ﬂél (COQ)MAZ (God)) A

Therefore, A; \ AyisaCFZ of U. [

Example 14. Take a BCK-algebra U = {0, ¢, §, X, 3¢} with Table 7.
Now define CFS A, on U as
u | 0 & J i
le (C) ‘ 0_8610.77'( 0.6810571 0.2610371 0.2610'37T
st 1

It is easy to show that A; is a CFZ of U.
Now define CFS A, on U as
u | 0 ¢ J i
ﬁA (C) ‘ 0.5810.871' O.SEIO'BH 0.3¢10-6  ().310-67
572

It is easy to show that A, is a CFI of U.

Now define CFS Ay \ A, on U as
u K ¢ J i
= x 10.77 10.57T 10.371 10.370
O a0A,) 3 ‘ 0.5¢ 0.5¢ 0.2¢ 0.2¢
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It is easy to show that A, \ A, isa CFT of U.

YN

Table 7. Cayley’s table representing the binary operation denoted by “¢”.

o 0 4 B i
0 0 0 0 0
¢ ¢ 0 0 ¢
Y d ¢ 0 0
b i % i 0

Definition 14. Let A, and A, be two CFSs of U. Then, the bounded difference A, © A, is
defined as

i(191’zl1 (C)Vﬂaz ©)
Example 15. Let
o, (€) = {(c1,0.6¢%7), (62,1e™7), (¢3,0.8¢27), (¢4, 0.5¢°47), (g5, 0.9¢'47), (5, 0.7¢™) }

and
va,(¢)
= {(1,0.2¢'), (¢2,0.1%%7), (c3,0.8¢1°%7), (¢4, 0.1097), (¢5, 0e"77), (¢, 0.7¢77) }
bea CFSs. Then
%404,
= {(61,0.4¢'™), (¢2,0.9¢%7), (¢, 0e™™), (¢, 0.4¢°7), (g5, 0.9¢"77), (s, 0'T) }.
Property 7. Let A, and A, be two CFZIs of U. Then A} © A, isa CFT of U.

Proof. Let A; and A, be two CFZs of U and let ¢, § € U. Then

and

= ((0V (74 (€08) 74 (€O A OV (15 ()~ 74 (8))
ei((ﬁA (COQV)WAZ (§<>é))v(l9é‘1 (é)MAZ (@)))

51
oo L (B (C0a)VB 4 (S0d))
=0V (14 (€00) =7z (Cod)))e AN
51 52
. . i(05 (OVOgz (9)
OV (ra @ vz @)e M 5

Therefore, Ay © A,isaCFZof U. O
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Example 16. Take a BCK-algebra U = {0, ¢, §, X, 3¢} with Table 8.
Now define CFS Ay on U as

u K ¢ J s X
05 (¢) ‘ 0.7¢27  0.6e1°7  0.3¢0°7  0.107  0.2¢'"
51

It is easy to show that Ay is a CFT of U.
Now define CFS A, on U as

v

u K & J % x
94 (¢) ‘ 0.6 0.4e087 02047 0el027  0.201067
572

It is easy to show that A, is a CFT of U.
Now define CFS A; © A, on U as

u | 0 g 0 S x
5o ~ ¥ I3 1.5 10.57 10.27T 7T
U(Aleaz)(g) ‘ 0.1¢"  0.1e 0.1e 0.1e Oe

It is easy to show that A} © A, isa CFT of U.

N

Table 8. Cayley’s table representing the binary operation denoted by “¢”.

N AN O | O

N(?{(OU\(O =14
O A O O O X

N« DU O | O
N« AR O O | X
N« O R © O | &

5. Comparison Analysis of the Proposed Approach

We provide a theoretical description of the comparison analysis of our proposed

approach using the complex fuzzy sets method proposed in [16,17].

1.  Representation and Membership:

*  The complex fuzzy sets and ideals represent the degree of membership in com-

plex numbers.
2. Algebraic Structure:

e Complex fuzzy sets are more general constructs that can be defined on any set,
while complex fuzzy ideals are specifically defined on algebraic structures such
as BCK/BCl-algebras.

3. Closure Properties:

*  Both complex fuzzy sets and complex fuzzy ideals exhibit closure properties,
but in different contexts. Complex fuzzy sets may not necessarily maintain clo-
sure properties under operations defined on the underlying algebraic structure,
whereas complex fuzzy ideals typically maintain closure properties under the
algebraic operations of the BCK/BCl-algebras.

4. Applications:

* Complex fuzzy sets have been applied in various fields, including decision
making, pattern recognition, and control systems.

e Complex fuzzy ideals are particularly useful in algebraic structures for analyzing
the behavior of operations in the presence of uncertainty.

5. Complexity and Analysis:

e Complex fuzzy sets, while still complex, are easier to analyze in some cases
because they are not constrained by algebraic structure operations.
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* Complex fuzzy ideals may involve more intricate mathematical analysis due
to their algebraic nature and the interplay of complex numbers with algebraic
operations.

6. Advantages

1.  Complex fuzzy ideals generalize classical fuzzy ideals in algebraic structures such as
BCK/BCl-algebras.

2. BCK/BCl-algebras with complex fuzzy ideals can adapt to uncertain environments
by dynamically adjusting the degree of membership of the elements to the ideals.

3. Complex fuzzy ideals are naturally integrated into fuzzy logic systems, allowing
seamless reasoning and inference within the context of BCK/BCl-algebras.

4. Complex fuzzy ideals preserve the closure of algebraic operations and ensure consis-
tency with the underlying algebraic structure.

5. Complex fuzzy ideals facilitate algebraic analysis tasks such as congruence relations
and lattice structures and enable deeper investigation of algebraic properties.

7. Conclusions

The expansion of crisp sets to fuzzy sets in terms of membership functions is analogous
to the expansion of integers to real numbers. Just as integers (Z) were extended to the
real number line (R), the range of membership functions expands from {0, 1} to the unit
interval [0, 1]. According to this historical progression, the development of sets of numbers
did not end with real numbers. This process continued with the introduction of complex
numbers (C). Likewise, this extension could lead to further advances in fuzzy set theory.

This article contributes to the concept of complex fuzzy sets characterized by membership
functions extending beyond [0, 1] to the unit circle in the complex plane. Ramot et al. [16,17]
presented this in their paper, which features a membership function with values in the
complex domain.

In this work, we used complex fuzzy sets to obtain the generalization of fuzzy set
theory in BCK/BClI-algebras. We introduced the notion of a complex fuzzy subalgebra
in a BCK/BCl-algebra and examined related properties. We have defined and studied
the modal and level operators of complex fuzzy subalgebras in BCK/BCl-algebras. We
have studied various operations and the laws of a complex fuzzy system, including union,
intersection, complement, and simple and bounded differences of complex fuzzy ideals in
BCK/BCl-algebras. We have provided our proposed approach in the form of an algorithm.

Future work could explore further real-world applications of complex fuzzy sets,
and linear complex Diophantine fuzzy sets could also be investigated. Furthermore, we
will introduce complex intuitionistic fuzzy ideals in BCK-algebras with applications in the
TOPSIS, Electure-I, and Electure-II methods using multi-criteria decision problems.
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Appendix A

The following, we show some algorithms for studying the structure of complex fuzzy
subalgebras and ideals in BCK/BCl-algebras using Definition 4 and definition 9.
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Appendix A.1. Algorithm for Complex Fuzzy Subalgebras in BCK/BCI-Algebras

def 4 is_complex_fuzzy_subalgebra(l, o, A):
stop = False

i=1

while i < |U| and not stop:

if ﬁA(O) < UA((:Z')Z

stor; =True

i+=1

j=1

while j < |U| and not stop:

if 05 (Ciodj) <04(6i) NOg(8)):

stop = True

j+=1

if stop:

print(“A is not a complex fuzzy subalgebra of U”)
else:

print(“A is a complex fuzzy subalgebra of U”)

Appendix A.2. Algorithm for Complex Fuzzy Ideals in BCK/BCI-Algebras

def 9 is_complex_fuzzy_ideal(U, o, A):
stop = False

i=1

while i < |U| and not stop:

if l_JA(O) < ﬁA(Ci):

stop = True

i+=1

j=1

while j < |U| and not stop:

if 05 (¢i) < 0x(Ci08j) Nog(d)):

stop = True

j+=1

if stop:

print(“A is not a complex fuzzy ideal of U”)
else:

print(“A is a complex fuzzy ideal of U”)
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