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Abstract: This paper examines the tractability of multivariate approximation problems under the
normalized error criterion for a zero-mean Gaussian measure in an average-case setting. The Gaussian
measure is associated with a covariance kernel, which is represented by the tensor product of one-
dimensional kernels corresponding to Euler and Wiener integrated processes with non-negative
and nondecreasing smoothness parameters {r;}scn. We give matching sufficient and necessary
conditions for various concepts of tractability in terms of the asymptotic properties of the regularity
parameters, except for (s,0)-WT.
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1. Introduction

The tractability of multivariate problems S = {S;} -y has become a very active
research field (see [1-3]), with many scholars devoted to studying the behavior of the
information complexity (e, S;), which changes as the variable ¢ tends to zero and d goes to
infinity. As before, we define information complexity as the minimal number of continuous
linear functionals needed to seek an e-approximation of the operator S; : F; — Gy, and the
considered problems are related to a zero-mean Gaussian measure under the normalized
error criterion and in an average-case setting. Note that G is a Hilbert space and that Fj is
a Banach space equipped with Gaussian measure y; with a zero mean value. The algorithm
A : F; — G is considered an e—approximation of S; if

1/2
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The tractability concepts on multivariate problems were first proposed in 1994 by pro-
fessor H.Wozni-kowski (see [4]). In general, a problem is considered intractable if n(e, Sy)
is an exponential function of the variable ¢! or d. Otherwise, it is considered tractable.
Until now, various tractability concepts have been studied for many multidimensional
approximation problems in different error settings. Among these numerous studies, mul-
tivariate approximation and integration are the most extensively studied and important
issues. In brief, we now recall some of the basic tractability concepts (see [1,5-7]).

For multivariate problems S = {S;} N, we state the following:

*  Strong polynomial tractability (SPT) holds if there are non-negative numbers C and p
such that

n(e,Sq) < C(e )P for alld e N, e € (0,1).

The infimum of all p, for which the above inequality holds, is defined as the exponent
p* of SPT.
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e  Polynomial tractability (PT) holds if there are non-negative numbers C, p, and g
such that
n(e,Sq) < Cd7(e” )P for alld € N, e € (0,1).

*  Quasi-polynomial tractability (QPT) holds if there are positive numbers C and ¢
such that

n(e,Sq) < Cexp(t(1+1Ind)(1+1ne 1)) for alld e N, ¢ € (0,1).

e Uniform weak tractability (UWT) holds if, for all a, 8 > 0,

im Inn(e, Sy) —0,
e 1td—oo €74 4+ dP
which is equivalent to
Inn(e, Sg)
5—141,2’14)00 W = 0, for any « > 0. (1)
e  Weak tractability (WT) holds if
im  DES)

e l4d—oo €_1 + d
e (s, t)-weak tractability ((s, t)-WT) holds for some non-negative s and ¢ if

Inn(e, Sy)

—_ 2 = 0. 2
sflilt’in%oo e=s +dt 0 ( )

Based on the above tractability definition, we can easily obtain the following logical
relation:
SPT = PT = QPT = UWT = WT.

We note that many papers have studied the various concepts of tractability on the
approximation of integrated Euler and Wiener processes (see [8-13]). Usually, the covari-
ance kernel of the Gaussian measure used in these papers is the tensor product of the
one-dimensional kernels corresponding to these random processes with nondecreasing
and non-negative smoothness parameters {r;}jcn. In this regard, we investigate a more
special case of the covariance kernel (for more details, see Section 2), which is essentially
different to that in previous papers. We finally obtain matching necessary and sufficient
conditions such that the above concepts of tractability hold, and the proofs employ several
techniques and methods for the general covariance kernel. It should be noted that (0, t)-WT
and (s,0)-WT have not been discussed before. In this regard, we prove that the considered
multivariate problem is not (0, t)-WT. For (s, 0)-WT, we provide a sufficient condition, and
whether this condition is a necessary condition for matching remains an open question.

Following is an outline of this paper. We first provide some basic concepts and back-
ground information about the multivariate problem of the integrated Euler and Wiener pro-
cesses in Section 2. The proofs of our main results are given and proven in Sections 3 and 4.

2. Euler and Wiener Integrated Processes

In the following, we use N, Ny, and R to represent the sets of positive integers,
non-negative integers, and real numbers, respectively. Furthermore, we denote their
d—ary Cartesian powers as N, Nd, and R? for each d € N. Additionally, we define
In* x = max{1,Inx} for x > 0.

A linear multivariate problem is defined as a sequence S = {S;};cn of continuous
linear operators S; : F; — G4, where G is a Hilbert space, and F; is a separable Banach
space equipped with Gaussian measure y; with a zero mean value.
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Now, let v; = ded*l be a Gaussian measure with a zero mean value induced on space
G, by operator S; and measure p; on F;. On the other side, let C,, : G; — Gy be the
covariance operator of measure v;. Then, C,, becomes a self-adjoint, non-negative definite
operator and has finite trace (see [1]). The eigenpairs of C,, are defined as {(A4,, 74,) } jen,
which satisfy
Agi = Agp > > Agjee

For each d € N, we use information-based algorithms

Ana(f) = Ona(La(f), L2(f), -+, Lu(f)) 3)

to approximate S;(f), where f € F4, ¢, 4 : R" — G is an arbitrary measurable mapping,
and Lq, Ly, ..., L, are continuous linear functionals on F;. As a special case, we define
Apg = 0.

The average-case approximation error for the algorithm A, ; of the form (3) is de-
fined by

. 1/2
e(Ana) = [ 1549) = Anal) I8, matd))

Then, the n-th minimal average-case error for n > 1 is given by

1/2
e(n,d):}lnfe ( Y. Ad,]> ,

j=n+1

where the infimum is taken over by all algorithms of the form (3). In fact, this can be
achieved by the n-th optimal algorithm

n
=Y (Saf 14j) G, Maj-
j=1

For n = 0, it is easy to see that A ; = 0 and the initial error e(0,d) is given by (see [1])

12 o 1/2
_ </F I Sa(F) 113, Vd(df)> - <2Ad’j> |
d ]=1

Using the above preparation knowledge, we give the definition of information com-
plexity. For e € (0,1) and the absolute or normalized error criterion, the information
complexity of S; is defined as

n%(e,S4) = min{n € N : e(n,d) < eCRI;},

where
CRI; = 1 and X = abs for the absolute error criterion,

CRI; = ¢(0,d) and X = nor for the normalized error criterion.

Hence, the information complexity with the normalized error criterion can be expressed by

n"r (e, Sy) = mm{neN Z Agj < € Z)‘d]} 4)
j=n+1 j
while, for the absolute error criterion,

ns (e, 5,) = min{n eN: Z Agj < sz}. (5)

j=n+1
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Now, we introduce the approximation problems APP = {APP;}cn,
APP;: C([0,1]%) = Ly([0,1]%) : f — f.

It should be noted that the continuous real function space C([0,1]) is equipped with
Gaussian measure y; with a zero mean value, and its covariance kernel corresponds to two
random processes, i.e., Euler and Wiener integrated process. In the following, we provide
basic knowledge on and detail the important properties of Euler and Wiener integrated
processes. For t € [0,1], let W(t) be a standard Wiener process, i.e., a Gaussian measure
with a zero mean value and its covariance kernel

KlE,O(s,t) = K{%(S, t) := min(s, t).

Forr=0,1,2,..., the two sequences of random processes Xf and X}’V in the interval
[0, 1] are recursively defined on parameter r by Xt = X}’ = W and

1
XEa(t) = [ XE(o)ds,

W
r+1 / X

Usually, we refer to {XF},cp, as the univariate Euler integrated process and {X}' },cn, as
the univariate integrated Wiener process.

The Gaussian measure corresponding to random processes XF and X}V is focused on a
series of functions that are r times continuously differentiable but have different boundary
conditions. For the covariance kernel of XF, it is represented by

KlE,(x,y) = /[ | min(x,s1) min(sy, sp) - - - min(sy, y)dsids; - - - dsy,
’ 1)
usually referred to as the Euler kernel. Furthermore, this kernel can be expressed by Euler

polynomials (see [8]). For the covariance kernel of XV, it is denoted as

min(sy) (x — u)” (y ~ u)’

7! 7! du,

Ky = |

called the Wiener kernel.
For x,y € [0, 1]d, the corresponding tensor product kernels are represented by

Kg(x y) HKlrd Xk, ¥x) and Kd X,y) HKl " (X%, V),

with a sequence of nondecreasing, non-negative integers {r }xcn, and
0<r <rp<rz--. (®)

We note that the tensor product kernels K} and I(;l/v are essentially different to those
in [8,9,11,12]. For the multivariate problem APP, paper [14] obtained the eigenvalues of
the covariance operators of the induced measure corresponding to the above two random
processes, i.e.,

A5 ben = DX GOAS () - AX (i)Y, iener X € {EWY,

2rg+2
AE() = (1 ,

where
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forallj € N, and

. 1 2442 o
)‘rd (]) = (7_[(]1)) + O(]_( rat ))/ ] — o, (8)
2

where, for f,¢: N — [0,00), f(k) = O(g(k)) as k — oo implies that there exists C > 0 and
ko € N such that f(k) < Cg(k) for any k > k.
Note that, foralld € N, X € {E, W},

j=1

d
Y (ALt = (Z(Aé (]'))T> , YT>0, )
=1

and

OB
d - /\Fd(l) 321’d+2'

It is proven in [8] that

w1 1 » N
A= (r!)2<(2r+2)(2r+1) Y )>’ T (10)
1
AV (©2) = ®<(”)274>/ r— o0, 11)
©SAN(G))T
T:EEH W = O(r ") for some h > 0 and for all 1y € (g,l}, (12)

where, for f,g : N — [0,00), g(k) = O(f(k)) as k — oo implies that f(k) = O(g(k)) and
g(k) = O(f(k)) as k — oo. Furthermore, from (10) and (11), one has

144
Qd . /\V (2)

= AW =00 2)=0(1+4+7r)2), r— co. (13)

Detailed information about the multivariate approximation of integrated Euler and
Wiener processes is provided in [8].

Remark 1. Let APP = {APP;}4ecn be an approximation problem, and the eigenvalues of the
covariance operators are

X _ X X dy. . AX(i
() = (X o) X} X e (B W),
where and in the following
AX(j,d) ::m jeN.
AX()

Hence, from (9) and (4), we know that n""" (¢, APP;) = n""" (¢, APP,;), and then APP and
APP have the same tractability properties for the normalized error criterion. Specially, for X = E,

AE(j,d) = (2j —1)720atD), j e N, (14)

3. Tractability of Euler Integrated Process

In this section, we study the various concepts of tractability on the Euler integrated
process and give matching necessary and sufficient conditions, except for (s,0)-WT.

Theorem 1. Consider the multivariate approximation problem APP for the Euler integrated process.
Then, for the normalized error criterion,
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(i) SPT holds if PT holds if
Sy = sup3_2”kk < oo forsomet € (0,1),
keN
or equivalently if
hmmf— > b
N Ink = 2In3’
If so, then the exponent of SPT is
. 2 2
P max<2r1+1’2A1n3—1>' (15)
(ii) QPT holds if
d(1 32"
sup % < o0, (16)
deN In"d
(iii) UWT holds if
Tk 1
= >
A= 2 Tng
(iv) (s,t)-WT with s > 0and t > 1 always holds.
(v) (s,1)-WT with s > 0 holds if WT holds if
lim r; = oo. (17)
k—o0
(vi) (s,t)-WT holds withs > 0and t € (0,1) if
lim k=32 (r, +1) = 0. (18)
k—o0
(vii) APP is not (0,t)-WT with t > 0.
(viii) If APP is (s,0)-WT with s > 0, then (18) holds with t = 0. However, if
"k
lim — = oo, (19)

k—00 lnk -

then APP is (s,0)-WT with s > 0.

Proof of part (i). Based on the logical relationship between SPT and PT, we can easily
observe that, to prove (i), it is enough to show

1
A > =5, <o0=SPT= PT= A >

21n3 @0

2In3°

We first prove A > 1/(2In3) = S; < oo for some 7 € (0,1). Indeed, let A >
1/(21In3), and then, for some é > 0, there exists a positive integer ks such that r;/ Ink >
(14 06)/(2In3) when k > ks. Therefore, 3727 < k—(1+9)T and, thus, S; < co whenever
1/(1+46) < T < 1. Note that, in this case, 1 +J < 2AIn3, which yields 7 > 1/(1+¢) >
1/(2AIn3).

Now, we turn to prove that S¢ < co = SPT. By Chapter 6 in [1], we know that PT
holds if there exist 4 > 0 and T € (0,1) such that

d—1 < oco. (21)
deN 2]:1 )\d,]
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Furthermore, APP is SPT if (21) holds with g = 0, and the exponent of SPT is given by

* = inf 2t
p= 1—1

Now and in the remainder of this section, we let )\d,j = )\g i Take T € (0,1); then, by
(7) and (9) , we have

T satisfies (21) with g = O}. (22)

1/T d/t

(27021 /\og,j) _ (270:1 /\;'d (])) _ (] + 270:2(2] — 1)—21("d+1)>d/'r

Tahi (mma,0) (14 Eae - n-2en)

It follows from the proof of Theorem 1 in [8] that, for all x € (1/(2r1 +2),1],

_ =N _ 2x(r+1)+2,_
3 2x(rg+1) < 2i—1 2x(rg+1) < 1—3 2X(7d+1)' 23
_]g( i=1) — 2x(rp+1)—1 @3)

Therefore, for T € (1/(2r; +2),1),

(Zf.il /\ﬁ,j)l/r (1 + ad3*27(rd+1))d/f

= , 24
Z]?O:] /\d,] (1 + bd3—2(rd+1))d ( )
where a; > by, and both are uniformly bounded,
2t(r1+1)+2 2r1 +4
< < < .
1_11"1_21'(;’1—1—1)—1 andl_bd_2r1+1 (25)

Now, we assume that S; < oo for some 7 € (1/(2r; +2),1). By combining (24) and
(25), we have

(zng)
1M d/t
sup Joo—] <sup (1 + ad3_27(’d+1))
deN  Lj=1/a deN
_ _ _12t(r1+1)+2
< 1 agd3~ 2 ratl) ) < (T =1/ T2.g ) < oo,
<exp(+ mpa <eP(* a1

where we use the fact that 1 + x < ¢* for x > 0. Therefore, (21) holds with g = 0, and we
conclude that S; < oo implies that SPT holds. Furthermore, from the above proof, we know
that, if T > max{ ﬁ, 2AlW}' then (21) holds with g = 0. Thus, (22) implies that

2 2
* < .
P _max<2r1+1'2Aln3—l> (26)

The relation on SPT=-PT is trivial.
We now suppose that PT holds. From (21) and (24), we have

(1 _~_ad372r(rd+1))d/T
< q
(1 + bd3—2(1’d+1))d - Cd
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forsome C,q > 0and t € (1/(2r1 +2),1). By a; > by, one has

1/t

(1 + adeZT(rdJrl))
1+ b;3720rat1)

(1 + ad372T(rd+l)) _ (1 + bd372(7d+l))
1+ by320a+1)

ad(l _ 372(7‘d+l)(171’))372T(1’d+l)

= 4 b3 2D

—-1>

— Cd3721’(7d+1)’

where, based on (25) and (6), we know that

_ 2—2(rg+1)(1-7) _ 2-2(r+1)(1-71)
¢y = fall =37 ), 187" =B e (0,1).

I RS =

Hence, we obtain
(1+ B3~ 2t(rat1))d < g,

By taking logarithms on the above relation, one has
(In2)Bd3~27"at1) < din(1+ B3~ >4+D)) <InC +¢Int d,

where, in the first inequality above, we adopt the fact that In(1 4+ x) > xIn2 for0 < x < 1.
Therefore, this means that

M := sup %S*ZTWH) < co.
deN In"d

Then, from the above inequality, we can easily obtain 4 - 3-2t(ra+l) < MiInt 4. By tak-
ing the logarithms of this inequality, we obtain
_ Inln"d+InM
ratl 1 Ind
Ind — 27In3

foralld > 2,

and this clearly implies that
A>1/(2tIn3) >1/(2In3), (27)

as claimed. Therefore, all statements in (20) are equivalent. We also notice that the first
inequality in (27) implies that T > 1/(2AIn3). Moreover, it is obvious to see that (21) holds
only if T > 1/(2r1 + 2). It follows from (22) that

2 2
- > . 2
P _max<2r1+1'2Aln3—1> (28)

Thus, by (26) and (28), we obtain (15). The proof of (i) is complete. []

Proof of part (ii). From Theorem 2 in [10], we know that APP is QPT if there exists
d € (0,1) such that
_ +
2}?0:1 A;J&/h’l d

)1—5/1n+d <

sup (29)

deN )
(Zj:l /\d,j

Regarding sufficiency, we first prove that (16) implies (29) with 6 = 1/2. From (9), we have

1- ey o A d) )
L5y Ay LAl d)

i e
€ (270:1 /\d,]') 2InTd € (2;021 /\<]/ d)) 2In"d
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where A(j,d) = AF(j,d). We now divide the last product into two products

d ! d
(e \me _ [TarG )T
IMM-(EMWO fTM”'( L1 Al d) )

For I1;(d), by (14) and (23) , we see that, for x = 1, 2o A(G,d) < (2r1+4)/(2r +
1)A(2,d) < 4A(2,d); then, we have

Clearly, (16) implies that sup;y IT;(d) < co.
We now consider the product Il (d). From the proof of Theorem 1 in [8], we know
that there exists C > 0 such that

1
* A(G,d 1=t N
P m(] )' - exp(d—% C/\(Z,d)|J1rn)\(2,d)| +Cd-%n§>.
Y2 A, d) In"d

Therefore, we easily obtain

I (d) < exp (d (di 4 GA2 dl) |i“d)‘(2’d)| + Cdﬁl?»
n

Cd-372a(ry+1)
Intd

<exp(d_5+ +Cd1‘%ln1§),

and, by (16), we find that sup,_ IT>(d) < co. Therefore,

sup I'ly (d)I1p(d) < supIIj(d)supIly(d) < oo,
deN deN deN

which implies that (29) holds. Hence, APP is QPT.
Regarding necessity, assume that QPT holds. Now, we let

Ara) = Y M),
=1

and then, by (9), one has

[ee)

Agi=Y Agj=(Ara)™.
=1

Using the proof of (20) in [10], we obtain

[eS) [e9) ) ) Ad
AgilnAg:=d A InA .
- dj d,j ( ra(j) rd(])) Alry)

j=1

]
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Then, by the above equality, one has
i ?\dd] In (Q‘?) = InAg— Adlji)\d,jln)\d,j
— dInA(r) — d}i ;\\’gr(g In Ay, ()
L )
SRS

where A(d) := Y221 A(j,d). From Corollary 4 in [10], we know that, if quasi-polynomial

tractability holds, then
1 & Agj A
sup —— d']ln<d'> < o0, (31)
Since APP is QPT, by combining (30) and (31) , we obtain

sup i < ){zj(,dd))) < oo, (32)

deN 11’1 —

Since A(d)/A(j,d) > 1, it is easy to see that all terms in the sums over j are positive. By
omitting all terms for j # 2 in the last condition, we have

d A@2,d) (d)
swp g g () < )

Furthermore, due to 1 < A(d) < A(1), we obtain

d 1
P d (z’d”“(A<z,d>> <

Obviously, the above condition is equivalent to (16). [

Proof of part (iii). Assume that APP is UWT. Note that

iﬁ—(z“ ) (Zi‘({’dy (1+ hg)™.

Thus, from Lemma 5 in [10] and the above inequality, we have
n"r (e, APP;) > (1 — €) ( Y. d’]> > (1-€)(1+ hd)d. (34)
i—1 “‘d,1
] ’
Taking the logarithm of the above inequality yields
In 1" (¢, APP;) > dIn(1 4 hy) +1In(1 — €2)

> @ +In(1 —¢€%)

— 237(2}’9{4’2) + 11'1(1 _ 82),
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where, in the second inequality, we use the fact that In(1 + x) > 1x for x € [0,1]. Due to
APP being UWT and fixed ¢ = 1/2, by (1), we obtain

1 da—(2r4+2 3
im D AP e 2B (f L SRR
doe (U dt doe ()f4dr dow

= dlim A1 14203 — 0 foralla > 0.
—00

The above equations mean that, for all « > 0, we have

’'d
lndZInB >1—a

for sufficiently large d. It follows that

1
>
liminf 5 > 50
as claimed.
On the contrary, assume that A > 1/(21n3). This implies that, for every § > 0, there
exists positive integer Nj such that, for all k > Nj;, we have
187 > 1-6

Ink = 2In3’

ie.,
Ink
0> ——(1—
- (1-19).

By (23), we know that, for all « € (0,00) and all T € (1/2,1), one has

ioo )‘(]’/d> T_ lfzxoo © 1\ —2(rg+2)T
d”‘gm,d)) R PC i

= (35)
< 2T(1’1 + 1) + 2d1—“3—2”d.
2t(r+1) -1

Now, we use the similar method in [11]. For a fixed « € (0,1), we set § := «?/2 and
T := 1 — a?/2. Therefore, it is easy to see that § > 0 and T € (1/2,1). Observe that, for
d > Nj, one has
Jl—a3—2trg < dl—a3— 1n3(1 &t _ — g~ 2_nt/4— .

On the one hand, by (35), a2 —at/4—a < Ofora € (0,1) and the above equation, we obtain

. d & )\(],d) ‘ _1: o2—ot/4—a _
Hm ;(m,d)) = fimd =0 (36)

On the other hand, by the proof of Theorem 8 in [10], we see that

- (1—1’)’1
n"°" (¢, APP;) < [exp (d Z( >> )8_2] , Vte (1/2,1). (37)

Then, for all « > 0, (37) yields

00 T
1y (15)
(e APpy) 1m0 g
< .
g0 (gu - (1—1’) e—0 | ga + (1—T) & | o’ Vte (1/211) (38)

Therefore, by combining (36) and (38) , we finally find that (1) holds; i.e.,, APP is UWT. O



Axioms 2024, 13, 326

12 of 20

Proof of part (iv). We now turn to (s, t)-WT with s > 0 and ¢ > 1. Instead, by replacing
with t in (35) and then combining 3727d <landt > 1, by (35), one obtains

d & AGANT
iﬂﬂow];(A(l,d)) =0 39

Furthermore, from (37), we find that, for all s, t > 0

oo . T

dy A(jA)

Inn"(e, APP,) _ 1 j:z(m'”’)) L 1 Ie?
es+dt “(1-1) es+4d (1—71)es4d"’

VTe(1/2,1). (40)

Thus, for s > 0and ¢ > 1, from (39) and (40), we know that (2) holds; i.e., APP is
(s,t)-WT withs >0and t >1. O

Proof of part (v). We consider (s,1)-WT with s > 0. Now, we first assume that (17) holds.
Then, by letting « = 1 in (35) first and then using limy_, 7y = oo, we find that, for any
T € (1/2,1), one has

m i A, d)\* — lim 37274 = Vte (1/2,1) (41)
d=e0 2 A(1,d) d—e0 ' o

Thus, from (40) with s > 0, f = 1, and (41), we find that (2) holds; i.e.,, APP is (s, 1)-WT
with s > 0.

Conversely, suppose that APP is (s,1)-WT with s > 0. Notice that, if limy_ o, 14 =7 <
oo, then by (6), we know that r; = r for sufficiently large d. Therefore, from (34), we obtain

d
n" (e, APP;) > (1 — €2)(14 hy)? > (1 —€?) (1 + 37(2r+2)) '

The above inequality contradicts (s,1)-WT with s > 0, and, thus, (17) holds. Obviously,
the same proof works for WT, which is just the case of (s,1)-WT with s = 1. The proof of
(v) is complete. [

Proof of part (vi). We consider (s,t)-WT with s > 0 and t € (0,1). Firstly, by using a
method similar to the proof of Lemma 2.4 in [9], we can easily find that

d

w1 4+hy \*
nt (¢ APP,) > (1 — )"+ () , 42
( 4) > ( ) T (42)

for x > 0. In the following, we set

and s; := 1(anr i)*1. (43)

1
:=max(h;, —
Hd ax(hg, Zd) 4 g

Now, we consider the necessity. The assumption (s, t)-WT withs > 0and t € (0,1)
holds, which implies that (s, 1)-WT holds with s > 0; therefore, we have (17). By applying
(42) withx =s; >0and e = e = (1 — exp(—(sy + 1)~ 1))/2, we obtain

Inn"%" (¢4, APP;) > 1 + 4 In <l+hdl)
Si Sd 14+ K"

h 7hsd+l
2—1+d<dsi+1)1“2 (44)
Sa S \ 1+ hj
1 dln2
+
S4 ZSd

(hg — 15,
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where, in the second inequality, we use the conclusion In(1 + x) > xIn2 for 0 < x < 1.
From (43), we have

1 1 1 41n*(2d)
— =4In"(—) <4In*(2d) and lim —; = lim ———> =0. 45
Sq n (Md) == ( )an dgl;lo sydt dg{;lo dt (45)
Since APP is (s, t)-WT, by (44) and (45), we find that
. Inn"°"(g4, APP,) . 1 dln2 s+l
=1 > 1 4+ ——(hy — k™
0 e g;” +d = dhe\ sgd! * 2s4d! (ha = 1)
In2 dl_t s7+1
=—1lim —(hy—h*"") >
2 e 54 (ha —hg'"") 20,
which implies that
lim E(h — Ky =0
d—oo Sy d d '

Then, by continuing with the same technique as in the proof of Theorem 2.1 in [9], we have

a1t 1
dh_r}r; A" "hyln o 0.
Note that 1y = 1/3%472; hence, (18) holds.

We turn to sufficiency. Y21 A4; > 1; thus, (4) and (5) imply that n"" (e, APP,;) <
nbs (g, APP,). Furthermore, from Remark 1, we know that n"°" (¢, APP,) = n"°" (¢, APDy).
Hence, for s > 0 and ¢ € (0,1), in order to show that APP is (s,t)-WT for the normalized
error criterion, it suffices to prove that APP is (s, t)-WT for the absolute error criterion.
Note that, for x € [3/4,1), one has

0 )\(]1 d) by 0 3 x(2rg+2) ) 3 3/2
= = P r—— < — =: M.
Hidx) S“pZ<A(2,d>> ZE§]§<2]‘+1> <L\za M

deN ]':2 ]:1

Thus, for any x € [3/4,1],d € N,

d
In (ZA@-) =In (1 + Z(A(j,d))x>
j=1 j=2
<dIn(1+hjH(d,x)) (46)

< dIn(1 4 KM)
< Mdh},

where we use In(1 + x) < x for x > 0 in the last inequality.
From the proof of Theorem 2.1 in [9], we know that, for T € (0,1),

j=1

1
— 200 (& g7\ "
n®(e, APP;) < e < YoAa |- (47)
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Now, let T = 54, where s; and uy are given in (43). Note that, by combining (46) and
(47), we have

In 7% (¢, APP,) < 201 —s4) Ine ! + 1 ZX;;Sd
Sd 54 =1

1—s
Mdh,
< 2 Ine !+ —4
5d Sd
Mdut =5
< E Ine !14+—42
5d Sd
Due to
InLl
u, ™ = ex “d <el/4
oo (w ;> )
therefore,
2 1/4Md
In 7% (e, APP,) < — Ine 1 4 & 29, (48)
5d Sd
Note that

lim dl‘t% In*(2d) =0,

d—o0

thus, by the above equality and (18), we have

lim d*fu,;In™ Lo (49)

d—o0 ug

On the one hand, by using (45), we have

2ne! 24+ (Ine—1)2
0< lim X2 —— < lim % =0. (50)
elidoeo €544 e l+d—o0 e +d
On the other hand, from (49), one finds that
duy 4duyInt L

4dmn 1
0< lim —*— = lim ——— < lim 44" 'yyln®™ —=0. (51

e lidooo €5+ d e lpie 7544 e 14d—o0 ug

Hence, for s > 0 and ¢ € (0,1), from (48), (50), and (51) we know that (2) holds;
i.e.,, APPis (s,t)-WT withs > 0 and t € (0,1) for the absolute error criterion. [

Proof of part (vii). It follows from (7) that, ford = 1, A15 = A, (2) = (2/37)21%2 > 0.
Hence, through statement (1) in Theorem 3.1, in [5], we know that APP is not (0,¢)-WT. [

Proof of part (viii). We note that the necessity is completely similar to the proof of necessity
in (vi), and we omit the details. In the following, we consider the sufficiency. Similar to the
discussion in (vi), it suffices to prove that APP is (s,0)-WT for the absolute error criterion.
Now, we let s; = max{3/4,1 — ((Ind)/(ry + 1))1/2}. Note that, in this case,

0o 3 3/2
(d,s4) ];<2]+1) (52)

By using (52) and the same method in (44) and then from (45), we obtain

S - Mdn} 5
Inn? (¢, APP,) < 201 =sa) Ing !+ —4—,

57 5y (53)
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By (19), we know that lim; ,,, s; = 1 and, hence,

2(1-s4) Ine!
lim —%__ —o. 54
e 14d—oo es+4+1 (54)

However, by lim;_,+ 55 = 1 and (19), we have

lim <2rd(1 —S4) — ﬂ‘;) = lim (2\/rd Ind — lnd) = +oc0. (55)

d—oo d—oo In3

Therefore, from (55), one obtains

Mdi,
0< lim Sd < lim Md3—@rat2)(1-ss) g1
T e lidso € 5+1 T doe d
M o (2r)(1—sy)+ 04
= = lim 3~ Z)(=sa)tn3 — 0, (56)

Hence, for s > 0 and ¢t = 0, from (53), (54), and (56), we know that (2) holds; i.e., APP
is (s,0)-WT with s > 0 for the absolute error criterion. This completes our proof. [

4. Tractability of Wiener Integrated Process

Now, we consider the various notions of tractability on the Wiener integrated process
and derive matching necessary and sufficient conditions, except for (s, 0)-WT.

Theorem 2. Consider the multivariate approximation problem APP for the Wiener integrated
process. Then, for the normalized error criterion,

(i) SPT holds if PT holds if

1 . In T 1
(ii) QPT holds if
—2 1.+
sup d(1+14) +1n (1+74) < o (58)
deN 11’1 d
(iii) UWT holds if
. . In T 1
= — > .
A=liminf 750 =5
(iv) (s5,t)-WT withs > 0and t > 1 always holds.
(v) (s,1)-WT with s > 0 holds if WT holds if (17) holds.
(vi) (s,t)-WT holds with s > 0and t € (0,1) if
lim KD (14 7) " 2Int (1 +7;) = 0. (59)
—vo0
(vii) APP is not (0,t)-WT with t > 0.
(viii) If APPis (s,0)-WT with s > 0, then (59) holds with t = 0. However, if
. 11‘17‘k .
dm T = (60)

then APP is (s,0)-WT with s > 0.

Proof of part (i). Based on the logical relationship between SPT and PT, it is obvious that,
in order to prove (i), it is suffice to show

PT = liminf ™ > 1 = spT = PT.
k—oo Ink 2
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Now, we let A;; = )\gvj ford,j € N,and, thus, for T € (0,1),

/
o), "

ad = ) =0y,
i1

where Y
b (1 Q5+ I (A () /A, (D))
I Qi T A () /A (1)

Since Ay, (j) = O~ a2y as j — oo, ay is finite for all d if (2r; +2)T > 1 for all r,.
Therefore, r; > r1 implies that, in what follows, we need to consider T € (1/(2r1 +2),1).

Suppose that APP is PT; then, by (21), we know that a; < Cd7. It is easy to see
that b; > 1, which, in turn, implies that lim; ., vy = 0. In fact, otherwise, a; at least
exponentially increases on d. However, from (12), for T = 1, we see that there exists M > 0
such that

Z /\rd //\rd < MQd

Thus, by dropping the sums over j in the numerator and above inequality, we have

L+ _(+Q)™" _
(15 M) = (1 mQp =" ="

By taking logarithms to the above inequality and from (13), we have

d 1+QF d QF — MQy
> — = — =4
InC+glnd > ln(l—l—MQd) Tln(l—i— 1+ MQ, >

1
(1‘?;\/21) Qd(pMQ ) — dO(r;%7), d— co.

Therefore, the above inequality implies ;%" = O(d~1In* d), and there exists § > 0 and
N; € N such that

1/27
rd25(1n+d) forall d > Nj.
We now let s € (1, 1) and then have

. ...
1 f— .
Pt

Furthermore, it is easy to prove that the above inequality is equivalent to (57).
Now, we assume that (57) holds, and this implies that liminf; ,,, r;/d° > 0 for some
s >1/2. For T € (max(3/5,1/2s), 1], by combining this fact and (13), we can conclude that

(1+0(r))"/"

sup a; = sup

deN - den (1+0(r%))4 (62)
< supexp (d(’)(rd’h)) < sup exp (d(’)(dfzsf)) < oo0.
deN deN

Thus, it follows (21) and (62) that APP is SPT and obviously PT. O

Proof of part (ii). Due to the similarity between this proof and the Euler case, we only
sketch it and need to study (29) and (32) for the Wiener eigenvalues. For condition (29), we
take d = 1/2, 19 € (3/5,1) and then choose dj such that 1 —1/(21Indy) € [, 1]. Hence, for
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all such d > dy, we obtain 7; := 1—1/(21Ind) € [19,1], and then we can use the uniform
convergence result given in (12). Therefore, in (29),

1—2\ ¢
1— -1 Ar (]) 2Ind
1 2Ind 0 d
£, )\‘li;é/lnd ( +Q, +Yi23 (M(U

- 1-0/Ind —
(Zj:1 /\d,j>

=
SN—
T
)
=1
al

00 Arg(j
(o0

1 d
<1 +Q§‘W(1+0(rd’1)>

d
(1+Qy)"

We first suppose that (58) holds. Then, limy_,., 7y = o0 and (58) implies that

<

d d d )
nd < [ <
(1+Qd)21 d —exp(zlnde> —exp<clndrd )
is uniformly bounded in d. Furthermore, the factor
1— 5t d
(1 +Q, M (1+ O(rd_h))>

(14 Q)

can be analyzed exactly as for the Euler case, and, from [8], we have

_ 1
1+Q, ™ (14 O(r;"))
1+ Qy

+
<1+d324C(A+ry) 2 (h‘(;fd*” - O(rd_h)).

Note that assumption (58) implies r, > = O(132); thus,

(1+Q}i21}1d(1 -l—O(rd_h)))d

_ o f(InT(rg+1)  _
< 3/2 2fIn (rg+1) h
e <ol (B ) ))
is also uniformly bounded in d. Therefore, condition (29) holds, which implies that APP

is QPT.
Suppose now that APP is QPT. We use (32) and its consequence (33), which is equiva-
lent to (58). The proof is complete. [J

Proof of part (iii). Firstly, we assume that APP is UWT. As before, by taking the logarithm
of (34) but replacing h; with Q;, we have

In 1" (¢, APP;) > dIn(1+ Qy) + In(1 — %)
> de +In(1 —€%)
=0O(dr;?) +In(1—¢*).

Hence, for fixed ¢, by (1), we have

lnrd
lim d‘"‘drd_2 = lim dl_"‘gz = lim d* % 2%wd =0 forall a > 0.
d—o0 d—o0 d—o0

This means that, for all « > 0, we have
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for sufficiently large d. Therefore, the above inequality implies that A > % as claimed.
Conversely, we assume that A > % That is, for every 6 > 0, there exists a positive
integer Nj; such that, for all k > N3, we have

LULSSE
Ink — 2
ie.,
re > k(379), (63)
Note that, forall« € (0,4/5) and all T € (3/5,1), we have
2 (2l £ )"
= Qy| 14+ =2 ) 64
]Z£<Ard<1> g (A @))7 9
Hence, it follows (64), (12), and (13) that, for T € (3/5,1),
> Ard (]) ‘ _ —2T
g(Mm —(’)(rd )as d = oo, (65)

We now use the similar method in [11] to fix « € (0,4/5) and set § := a/4 and
T:=1—a/2. Thus, it is obvious to see that § > 0 and 7 € (3/5,1). By (63), we know that,
for d > Nj,

_ _ _ _ _ 24 a2
dl ardZT < dl ®q T420T :dl & ga—a /4—1 — 4" /4. (66)

Therefore, by (65) and (66), we have

R M(J')>T_
Jgﬁod«]g(mdu) =0

We finally continue with the same proof method as in (iii) of Theorem 1, and, by (31),
we find that (1) holds; i.e., APP is UWT. O

Proof of part (iv). By (12) and A5 (j) = A§'(j), we obtain M > 0 such that

E(5) < &

for all T € (3/5,1). Therefore, by (40), (67), and t > 1, we easily observe that (2) holds,
which means that (s, t)-WT holds withs > 0and t > 1. O

Proof of part (v). We first assume that (17) holds, and then we have lim;_, r;zT = 0.
Based on this fact, (65), and (40), we directly find that APP is (s, 1)-WT with s > 0.

We now plan to consider necessity, which is verified by the proof of contradiction. Let
limy_,o 1 < 00. By following the same procedure as in the Euler case, we can demonstrate
that n"°" (¢, APP,) is an exponential function of d, which contradicts (s, 1)-WT. It is obvious
that the same works for WT, and we complete the proof of (v). [

Proof of part (vi). The necessity is completely similar to that of the proof in (vi) of Theorem
1. We only need to replace the value of h; by Q; and obtain (59).

On the contrary, now we consider the sufficiency. Suppose that condition (59) holds;
then, by proof (vi) of Theorem 1, we know that, in order to prove that (s, t)-WT holds with
s >0andt € (0,1), we only need to verify for x € [3/4,1) that there is a constant M > 0
such that H(d, x) < M < co. In fact, by (12) and AJ(j) = A}Y(j), we find that there exists a
D > 0 such that

o (A (j) )x
<D, Vxe€(3/51].
zlelg]g(A’d (2) i ( ]
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Thus, for x € [3/4,1), by the above estimate, one has
2 (A )\ 2 (A )\
H(d,x) = sup ( E =1+ sup —2L) <14 D < oo 68
deN; Ary(2) deN]g Ary(2) (©8)

The proof of (vi) is complete. [

Proof of part (vii). From (8), we know that, for d = 1, Ay, = A, (2) > 0. Therefore,
statement (1) in Theorem 3.1 of [5] yields that APP is not (0, t)-WT. [

Proof of part (viii). The necessity is completely similar to the proof of necessity in (vi) of
Theorem 1; thus, we omit the details.

Now, we suppose that (60) holds. Therefore, we can continue the same way as in
(viii) of Theorem 1. Firstly, it suffices to prove that APP is (s, 0)-WT for the absolute error
criterion, and we let s; = max{3/4,1 —Ind/In(r; + 2)}. Similar to the proof process in
(53), by using (68) and the same method in (44) and then from (45), we have

7 _ MdQL s
Inn?% (¢, APP,) < M Ine !+ % (69)
d d

Note that, by (60), we have lim;_,, s; = 1, and, thus, (54) holds. However, the result
lim;_, 55 = 1 and (60) imply that

2Inr,
lim dr; 207 = lim 4" R6a =, (70)
d>eo 1 d—co
Therefore, from (70) and (13), one has
MaQ), "
0< lim —2 — < lim MCdr, 25571 — . 71)

elidoseo €541 d—so0

Hence, for s > 0 and t = 0, by (69), (54), and (71), we know that (2) holds, and this
also means that APP is (s,0)-WT with s > 0 for the absolute error criterion. This completes
our proof. [

5. Conclusions

In this paper, we discuss the tractability of the multidimensional approximation
problem on integrated Euler and Wiener processes with a special case of the covariance
kernel of the Gaussian measure and provide sufficient and necessary conditions for various
concepts of tractability in terms of the asymptotic properties of the regularity parameters.
It should be emphasized that the previous literature only studied some of the tractability
concepts, and, in this article, we present a comprehensive study.

We noticed that most articles focused on investigating the normalized error criterion
of this problem and that the case of the absolute error criterion is open. In future work, we
aim to further study the tractability of the multivariate approximation problem on these
two random processes under the absolute error criterion, and the corresponding results
will fill the gaps of this field.
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