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Abstract: In this paper, we introduce the novel concept of generalized distance denoted as Jy and call
it an extended b-generalized pseudo-distance. With the help of this generalized distance, we define a
generalized point to set distance Jo(u, H*), a generalized Hausdorff type distance and a P/¢-property
of a pair (H*, K*) of nonempty subsets of extended b-metric space (U*, pg). Additionally, we establish
several best proximity point theorems for multi-valued contraction mappings of Nadler type defined
on b-metric spaces and extended b-metric spaces. Our findings generalize numerous existing results
found in the literature. To substantiate the introduced notion and validate our main results, we
provide some concrete examples.

Keywords: best proximity point; fixed point; multi-valued contraction; b-metric; extended b-generalized
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1. Introduction

Fréchet [1] began the study of spaces with distance functions in 1905 by giving every
pair of generic objects in a nonempty set a non-negative value. These spaces were subse-
quently termed metric spaces by Hausdorff. In these types of spaces, the distance between
two objects is specified by a metric function or distance function that, in addition to being
non-negativity, also has the triangle inequality, symmetry, and identity of indiscernibles.
There are plenty of metric space generalizations, and most of them are accomplished by
eradicating, weakening, or expanding one of the aforementioned features. (see, for example,
refs. [2-7] and the references therein). One of the generalizations of metric space is symmet-
ric space. The triangular inequality of a metric function is removed in symmetric spaces
(see [8,9]), and several substitutes of the triangular inequality are used to demonstrate
different features and the existence of a fixed point (abbreviated as F. point) of contractive
type mappings. Numerous researchers developed significant FE. point theorems in the
context of symmetric spaces, which they applied to the split minimization problem, the
split feasibility problem, and the positive solutions of fractional periodic boundary value
problems (see, for example, [10,11]). A fundamental result in F. point theory is the Banach
contraction principle. Several extensions of this result have appeared in the literature (see,
for example, refs. [12-14] and the references cited therein). We can also find various gener-
alizations of the variant Banach contraction principle using the graph theoretic approach.
The graphs considered by Jachymski [15] are such that G = (V(G); E(G)), where V(G)
is the set of vertices and E(G) is the set of edges, satisfy the conditions V(G) = {* and
Ayx € E(G) C U* x U4*, so that E(G) is, in fact, a reflexive binary relation on {*. Here,
Ay = {(u,u) : u € U*} is the diagonal of {* x 4*. Other recent results for single-valued
and multi-valued operators in metric spaces endowed with graphs are given by Bojor [16],
Aleomraninejada et al. [17], Beg et al. [18] and by Chifu et al. [19].
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In a metric space (4*,p), the E. point of a multi-valued mapping T : 4* — 24" is
an element p € U*, such that p € I'p. If I'p is a closed subset of {*, then p € U* is a
E. point of T if D(p,I'p) = 0, where D(p,I'p) = infycrp p(p,u). Now, if H* and K* are
nonempty subsets of a metric space (U*, 0) and I' : #* — 2K is a multi-valued mapping.
Then it is not necessary that I' has a F. point p in H*. The idea of best proximity point
originates here. A best proximity point (abbreviated as B.P. point) of the multi-valued
mapping I' : H* — 25" is an element p € H*, such that D(p,Tp) = dst(H*, K*) where
dst(H*,K*) = inf{p(u,¢) :u € H*, e € K*}. If T : H* — K* is a non-self single-valued
mapping, then an element p € #H* is called a B.P. point of T if p(p,I'p) = dst(H*, K*).
Many researchers have been interested in the topics of B.P. points for single-valued and
multi-valued mappings in recent years. For single-valued mappings, the existence of B.P.
points was established by S. Sadiq Basha et al. [20], C. Di Baria et al. [21], M.A. Al-Thagafi
and N. Shahzad [22], D. Sarkar [23], and many others. B.P. point theorems for multi-valued
mappings were established by G. AlNemer et al. [24], K. Wlodarczyk and R. Plebaniak [25],
A. Abkar and M. Gabeleh [26], M.A. Al-Thagafi and N. Shahzad [27], M. Gabeleh [28],
and many others. In 2014, Plebaniak [29] established an important B.P. point theorem by
adopting the following definitions.

Definition 1 ([29]). Let (L%, py,) be a b-metric space (b-m space) (with constant s > 1). A mapping
Jp 1 U X U* — [0, 00) is said to be a b-generalized pseudo-distance (b-G pseudo-distance) on L1* if
it satisfies

(1) Jo(wt) < s[Jp(w,e) + Jp(e, )] Vu e t € U

(Jy2)  Forany sequences {u, : n € N} and {e¢, : n € N} in U* satisfying

i sup Jy (tm, ta) = 0, ©)
and
lim J (up, ¢n) =0, (2)
the following holds
nll_{l;lo P (1n, en) = 0. 3)

Throughout, let the triplet (L(*, pp, J;) denote a b-m space (U*, p;) (withs > 1) equipped
with a b-G pseudo-distance Jj,.

Definition 2 ([29]). Let H* and K* be the subsets of a topological space (4*,T). A multi-
valued mapping T : H* — 2K is called closed whenever a sequence {u, : n € N} in H*
converges to u € H* and a sequence {e, : n € N} in K* converges to ¢ € KC*, such that
¢n € I'(uy), forall n € N, implying that ¢ € T'(u).

Theorem 1 ([29]). Let H* and KC* be the subsets of a complete space (8*, py, J},), such that they
are closed, J, is associated with (H*,KC*), and (H*, K*) has the Plo-property. Let T : H* — 28
be a closed, multi-valued mapping, such that

sH» (Tu, Te) < kJy(u,¢) Vu, e € 4U¥, 4)

for some 0 < k < 1. Let Tu € CB(4*), Tt C Kq for each w € H*, t € Ho. Then D(p,Tp) =
dst(H*, KC*) for some p € H*.

2. Preliminaries

The triangle inequality related to the metric function is important in the context of
B.P point theorems and fixed-point theorems for demonstrating the convergence of an
iterative sequence. Consequently, a number of authors have endeavored to identify spaces
where the triangle inequality was incorporated in a more mild or comprehensive manner,
guaranteeing that the presence of a fixed point or B.P. point could still be proven. In
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1993, Czerwik [3] gave a weaker axiom than the triangular inequality of metric space and
formally defined the notion of b-metric space. Afterward, Fagin et al. [30] argued about
a relaxation of the triangle inequality and named this new distance measure non-linear
elastic math (NEM). A comparable form of the relaxed triangle inequality was also applied
to the measurement of ice floes [31] and trade [32]. Because of all those applications,
Kamran et al. [13] was able to present the following definition of extended b-metric space.

Definition 3 ([13]). Let $* be a nonempty set and 6 : {0* x U* — [1,00).
A function pg : U* x U* — [0, 00) is called an extended b-metric if for each u, ¢, t € LU*
it satisfies
(Mg1): pg(u,e) =0 iffu=ce;
(Mg2): pg(u,e) = pg(e,u);
(Mg3): pg(u, t) < 6(u, t)[pg(u,¢) +pg(e, 1)].

The pair (8%, pg) is called an extended b-metric space (E.b-m space).
Remark 1. A b-m space becomes a special case of E.b-m space when 0(u, ¢) = s fors > 1,u,e € U*.
Example 1 ([33]). Let 4* = [0,1]. Define 6 : U* x U* — [0,00) as

1+ute
Ol ¢) = 4 e for u#e#0
1 for u=e=0.

Let pg : U* x U* — [0, 00) be defined by
po(u,e) = ule foru,e € (0,1 withu # ¢,
pe(u,e) =0  foru,e€[0,1] withu=ce,

po(1,0) = pp(0,u) = % foru € (0,1].

Then (U*, pg) is E.b-m space.

Note. Throughout this manuscript, we assume that the E.b-metric py is continuous on
*2 _ ((x *
X =47 X AUF,
The following is the main result of [13].

Theorem 2 ([13]). Let (4*, pg) be a complete E.b-m space and a mapping T : 40* — $U* satis
P P p pping
po(Tu, Te) < kpg(u,e) Vu,e €4,

for some 0 < k < 1 such that for each uy € L*, limy oo 0(tn, um) < % , here u, = T (ug),
n=1,2,3,---.Then pg(p,Tp) = 0 for a unique p € L*. Moreover, for each ¢ € *, T"(e) — p.

Drawing inspiration from the concept of extended b-metric and b-generalized pseudo-
distances, we introduce the novel concept of generalized distance, within an extended
b-metric space. This notion extends, generalizes, and improves the notion of E.b-metric and
the notion of b-generalized pseudo-distances. Furthermore, some B.P. point theorems are
proved in this new framework, which generalizes and extends many previous findings
in the literature. In order to clarify and validate ideas and claims, numerous examples
are offered.

3. Main Results
In the following, we start by formulating our notion.
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Definition 4. Let (U*, pg) be an E.b-m space. A mapping Jg : 4* x &* — [0, 00) is said to be an
extended b-generalized pseudo-distance (E.b-G pseudo-distance) on U* if it satisfies

(Jo1)  Jo(u,t) < O0(u, )[Jo(u,¢) + Jo(e, )] V u e, t € U,

(Jo2)  For any sequences {u, : n € N} and {e, : n € N} in U* satisfying

i sup Jp (i, tn) = 0, ©)
and
Tim Jy (s, ¢) =0, (6)
the following holds
Jlim g (un, ¢n) = 0. 7)

Remark 2. Every E.b-metric py : 4* x 4* — [0, c0) on U* is an E.b-G pseudo-distance on L1*,
but the converse is not true in general.

Example 2. Let B* be a closed subset of (L*, pg) such that it contains at least two points. Let
r > 0 withr > 6(B*) where §(B*) = sup{py(u,e);u, e € B*}.
Define Jp : 4* x 4* — [0, 00) as

]G(U e): {Pe(u,e) if {u,e}gsB*
S CRRR NN

Then, ]y is an extended b-generalized pseudo-distance on 1*.

Proof. (Jo1) Letug, e, tp € {* satisfy

Jo(uo, to) > 6(uo, to)[Jo (1o, e0) + Jo(eo, to)]- (®)
Then, {1, ¢, to} is not a subset of B*, because if it is a subset of B*, then
Jo(uo, e0) = pa(uo, e0), Jo(10,to) = pe(to, to), Jo(eo, to) = pg(co, to)-

So (8) becomes

po(uo, to) > 0(ug, to) 06 (10, e0) + po(eo, to)]-

This is a contradiction to the fact that py is an extended b-metric on 4*. Therefore,
there exists some u € {u, ¢g, to }, such that u ¢ B*. If u = uy, then Jy(ug, tg) = r, and
Jo (1o, ¢9) = r. Thus (8) becomes r > 6(ug, to)[r + Jo(eo, to)], which is a contradiction.
Similarly, if we take u = ¢p or u = ty, then we obtain a contradiction. Hence, the
condition (Jp1) is fulfilled, i.e.,

Jo(u, t) < 0(u,t)[Jo(u,e) + Jo(e, t)] forall u, e, t € LU*.

(Jo2) Let{u,:n € N} and {e¢, : n € N} be any sequences in 4* such that
limy, o0 SUP,,~,, Jo (W, n) = 0 and limy, e0 Jo(1n, ¢n) = 0. We show that

nlgrf}o Po(tn, en) = 0.

Since limy,—ye0 Jo(tn, ) = 0, limyeoty = 0 where t, = Jo(up, en) € RT, which
further implies that for 0 < & < r there is some k € N, such that

t, < € < r whenever n > k.
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From this we obtain the following:
Jo(uy, ¢4) < € < r whenever n > k,

po(un, ¢y) < € whenever n > k.

Since t, = Jg(un, en) V1 € N, and Jo(u,¢) = pg(u,¢) V u,e € 8, when Jp(u,e) # 1,
limy, 00 Pg (Un, ) = 0. O

Note. Throughout, let the triplet (L(*, pg, Jo) denote an E.b-m space (U*, py) equipped
with the E.b-G pseudo-distance Jy.

Remark 3. An E.b-G pseudo-distance need not be a b-G pseudo-distance.
The following counter-example validates Remark 3.
Example 3. Let $* = [0, 1]. Define 6 : 4* x U* — [0, 0) as

Liue 6 we € [0,1]

G(u, Q) — { ute

% for u=e=0.

Let pg : t1* x U* — [0, 00) be defined by
po(u,e) = % ifu,e € (0,1] and u # ¢,
po(,e) =0  ifue€c [0, 1]andu=ce,
po(w,0) = po(0,) = - ifue (0,1).
Then, (4*, pg) is an E.b-m space. (See [34]). Let J : 4* x * — [0, c0) be defined by
Jo(u,¢) = pg(u,e) forall u,e € 4U*.

Then, by Remark 2, the map Jg is an E.b-G pseudo-distance on U*. We show that [y is not a
b-G pseudo-distance on L*. Let us suppose, on the contrary, Jg be a b-G pseudo-distance on L1*.
Then, there is some s > 1, such that

Jo(u, t) <s[Jg(u,e) + Jo(e,t)] forall u, e, t € LU*. )

9
Now, if | > 1, then [+1 > 1 and 1[, l}Tl € (0,1]. Letu = 1[, e =0, t= [}r—l,
then (9) becomes

(brts) =) 4ot
Sol(I4+1) <s[l+ [+ 1]. Thus
2 H1<sR0+1]. (10)
Let I = 3s 43 > 1. Then (10) becomes
(35 +3)2 435 +3 < s[2(35 +3) + 1]

and so
3s2 + 145+ 12 <0,

which is a contradiction to s > 1. Thus, [y is not a b-G pseudo-distance on L1*.

We formulate the following definitions.
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Definition 5. Let H* and KC* be nonempty subsets of (4*, pg, Jp). Define
Jo(u, K*) = inf Jo(u,e),

dst(H*,K*) = inf{Jg(u,¢) :u € H*, e € K},
Ho = {u € H*: Jo(u,¢) = dst(H*,K*) for some e € K*},
Ko=1{e € K*: Jo(u,e) = dst(H*,K*) for some u € H*}.

Ho : CB(s*) x CB(U*) — [0, 00) by
Hlo(H*,K*) = max{ sup Jp(u, £*), su%) Jo(e, H*)} forall H*,K* € CB(U*).
ek

ueH*

Here, CB(4*) = {S C U*; S is closed and bounded}.

Definition 6. Let H* and KC* be the subsets of (*, g, Jo) with Hy # @. Then:
(i) The pair (H*, K*) is said to have a Ple-property if and only if

Jo(uy, e1) = dst(H*, K*),
Jo(uz, e2) = dst(H*, K*) = Jo(w,u2) = Jo(e1,e2),

where uy, uy € Ho, and eq, ¢y € K.
(i) An E.b-G pseudo-distance Jy is said to be associated with (H*, K*), if for any sequences
{uy : n € N} and {e, : n € N} in U*, such that

lim u, = w; im ¢, = ¢; and Jo(uy,e,_1) = dst(H*,K*)Vn €N,
n—o0 n—o0

we have pg(u, ¢) = dst(H*, K*).

It is clear that for E.b-metric space (L%, pg) if we put Jy = pg, then the mapping py is
associated with each pair (H*, K*) of nonempty subsets of 4I*, because of the continuity of
ps (we have chosen py to be continuous throughout).

The following lemmas are important to prove our main result.

Lemma 1. Let {u, : n € {0} UN} be a sequence in the complete space (*, pg, Jg), such that

lim sup Jo (1, uy) =0, (11)

M= y>m
and 1imy, ;—se0 0 (Uy, Uy ) exists and is finite. Then {u, : n € {0} UN} is Cauchy.
Proof. From (11) we can write that
Ve>0,Im =my(e) €N, Vm>my, {sup{Jo(um un) :n>m} <e}.
In particular,
Ve>0,d3m =my(e) €N, Vm>m,VteN, {Jo(um vurrm) < €}. (12)

Let iy, jo € N,ip > jo, be fixed and arbitrary. Define

em = Ujgym ANd ty = wj 4 form € N. (13)
Then, (12) gives
JLim Jo(um, em) = Hm_ Jo(um, tm) = 0. (14)
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Therefore, by (11) and (13) and (J42), we obtain

n%g%o ©o (umr em) = 7%15%0 Po (um; tm) =0. (15)

Let k = iy +m, | = jo + m, then by using (pg3), (13), and (15) we have

6 (W, 1) = o (Wig s Wigm) < O(Wigms Wigrm ) [06 (Wig-ms tm) + 09 (4, Wig -]
= e(uio-i-mr ujo-i-m)PG (ui0+mr Um) + 9(ui0+mz uj0+m)P9(um/ uj0+m)

= g(uioerrujoer)PG(emr W) + 9(ui0+mz uj0+m)P9 (wm, tm)
— 0asm — co.

Thus, {u, : n € {0} € N}is Cauchy. O

The following example validates Lemma 1.

Example 4. Let U* = [0, 1] with the extended b-metric pg defined in Example 1. Let B* = [0.6,0.8]
and Jg : 4* X U* — [0, 00) be defined by

ue) if {u,e} CB*
Jolue) = { 0oe) T e € B
4 if {u,e} B>

Then, by Example 2, the mapping Jg is an E.b-G pseudo-distance on 4*. Define {u, = 0.5 :

n € N}, then Jo(um, un) = pg(tm,un) =0, Vm,n € Nand limy, o sup,,-,,, Jy (Um, tn) = 0.

Also limy, jy—s00 0 (uy, Uy ) = 1.25, which is a finite number. All the conditions of Lemma 1 hold,

and limy, o0 Po (Um, uy) = limy ;m—e0 pp(0.5,0.5) = 0. Hence, {u, = 05 : n € N}, isa
Cauchy sequence.

Note. Throughout, let H* and £* denote the nonempty closed subsets of L[*.

Lemma 2. Let the space (U*, g, Jo) be complete and T : H* — 2K be a multi-valued map-
ping. Then,

Yuec H*B>0VteTu IreTe{fp(tr) < HE(Tu, Te)+ B} (16)
Proof. Letu,e € H*, B > 0and t € T'u be fixed and arbitrary. Then by infimum definition,
FreTe {Jo(tr) <inf{Jo(t,n) : v € Te} + B} (17)
Next,
inf{Jo(t,y) : n € Te} + B < sup{inf{Jo(3,9) : 9 €Te}:5 € Tu} + B

< max { sup{inf{Jo(3,v) : v € Te} : 3 € Tu},

supfinf{Jo(33) :3 € Tu} s € Te | + 5
= H*(Tu,Te) + B.
Hence, by (17) we obtain
Jo(t,x) < HY*(Tw, Te) + B}
Thus, (16) holds. [

The following example validates Lemma 2.
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Example 5. Let (8*, pg) be the E.b-m space defined in Example 1. Let H* = {0.1,0.2,0.5,0.6},
K* =0.7,0.9], and B* = {0.1,0.2} U [0.5,0.9] and J : 4* x U* — [0, 00) be defined by

ey = (B0 e
A 51 if {u¢} ¢ B

forall u,e € U*. Then, by Example 2, the mapping Jg is an E.b-G pseudo-distance on L*. Assume
that T : H* — 2K is of the form

{0.7,0.75,0.8} if u=0.1
Tu= < {0.8,0.85,09} if u=02
{0.9} if ue{05,06}.

We consider the following cases.

Case (i) IfTu = {0.7,0.75,0.8}, Te = {0.8,0.85,0.9}, then u =0.1, ¢ = 0.2 and H/ (T, T¢) =
1.58. For t = 0.7 € Tu, 3, ¢ = 0.9 € T, such that for all B > 0, we have
Jo(t,r) = Jp(0.7,09) = 1.58 < HJo(Tu,Te) = 1.58 + B. For t = 0.75 € Tu, 3,
r = 0.9 € Te, such that for all B > 0, we have Jo(t,x) = J5(0.75,0.9) = 148 <
HJo(Tu,Te) = 1.58 + B. For t = 0.8 € Tu, 3, ¢ = 0.8 € T¢, such that for all
B > 0, we have Jo(t,1) = J5(0.8,0.8) = 0 < HJé (T, Te) = 1.58 + B. So in this case,
Equation (16) holds.

Case (ii) IfTu={0.7,0.75,0.8}, Te = {0.9}, then u =0.1, ¢ € {0.5,0.6}, H/¢(Tu,T¢) = 1.58.
Fort = 0.7 € Tu, 3, = 0.9 € Te¢, such that for all B > 0, we have Jo(t,xr) =
J6(0.7,0.9) = 1.58 < HJo(Tu,Te) = 1.58 + B. For t = 0.75 € T, 3, ¢ = 0.9 € Te,
such that for all B > 0, we have Jo(t,r) = J4(0.75,0.9) = 148 < HJo(Tu,Te) =
1.58 4+ B. For t = 0.8 € Tu, 3, = 0.9 € T¢, such that for all B > 0, we have Jy(t,¢) =
J9(0.8,0.9) = 1.38 < HJo(Tu,Te) = 1.58 + B. So in this case, Equation (16) holds.

Case (iii) IfTu = {0.8,0.85,0.9}, Te = {0.9}, then u = 0.2, ¢ € {0.5,0.6}, and H/¢(Tu,Te) =
1.38. For t = 0.8 € Tu, 3, ¢ = 0.9 € T, such that for all B > 0, we have Jy(t,r) =
J6(0.8,0.9) = 1.38 < HJo(Tu,Te) = 1.38 + B. For t = 0.85 € T, 3,1 = 0.9 € Te
such that for all B > 0, we have Jo(t,r) = J5(0.85,0.9) = 1.3 < H/o(Ty,Te) =
1.38 4+ B. For t = 0.9 € T'u, 3, x = 0.9 € T'e such that for all B > 0, we have Jy(t,¢) =
J9(0.9,0.9) = 0 < Hé(Tw,Te) = 1.38 + B. So in this case, Equation (16) holds.

In the following, we include our first main result.

Theorem 3. Let the space (U*, pg, Jg) be complete, such that J is associated with (H*, KC*) and
(H*, K*) has the Ple-property. Let T : H* — 2% be a closed, multi-valued mapping, such that

suH# (Tu, Te) < kJg(u,¢), (18)

forallu,e € Y*, and for some 0 < k < 1 with

1 1
Im 0wy, up) < o Lm O(ey, em) < =

n,m—»o0 1,1m—00 k

Here, s, = infeery, 0(u,¢), uy, € Hoand ¢, € Tu,,n = 0,1,2,---. Let Tu € CB(U*),
I't C Ko foreachu € H*, t € Ho. Then D(p,I'p) = dst(H*, K*) for some p € H*.

Proof. Letuy € Ho, ¢ € Tug C K. Then there exists u; € H, such that

Jo(uy, e0) = dst(H*, K*). (19)
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Since up, 1y € Ho, ¢o € T'up, so that by Lemma 2, there exists ¢; € I'uy C Ky, such that

Jo(eo, e1) < H®(Tug, Tay) + k.

Again, as e € Ky, there exists uy € Hy, such that

Jo(ug, e1) = dst(H*, K*).

(20)

(21)

Now uj,up € Ho, e1 € I'uy, so according to Lemma 2, there exists ¢ € I'up, such that

Jo(er,¢2) < HO(Tuy, Tup) + k2.

(22)

We continue the above process, then by induction, we find {u, : n € {0} UN} and

{en : n € {0} UN}, such that

(i) u, €Hoen€KogVne{0}UN;

ii) ey €Tu, Vne {0}UN;
i

(

(iii) Jo(up,ey_1) = dst(H*,K*)Vn e N;

(iv) Jo(en_1,en) < Hlo(Tu,_1,Tuy) +k"Vn e N.
Now, for any n € N, we have Jy(up, ¢,—1) = dst(H*, K*) and Jg (11, ¢n) = dst(H*, ).

Since the pair (H*, K*) has the P/i-property, we deduce

]G(unrun—i-l) - ]9(%—1/ el’l)/ \V/ ne N

Now for u = uy, ¢ = u, 41, and n € N by (18), we obtain

k
HJo (Tuy, Tty 1) < ?]B(un/urﬁl) Vne{0tUN.

Next, for all n € N, we have

Uy

I@(ui’l/ui’l-i-l) = ]e(el’l—ll en)

<

<

IN

H (Tu,_1, Tuy,) + k"
k

Up—1

kJo (unflz un) +k"

IG(un—llun) + kn

=kJg(en—2,¢4-1) + K"

<

IN

IN

<

IN

<
<

k[H"(Tup_o, Tu,—q1) + k"1 + K"

kH® (Tu,_o, Tu,_q) + 2k"
k2

]9(un72/ un—l) +2k"

Suy 2
K2 Jo (n—2, up—1) + 2K"
KJo(en—3, en—2) + 2K"
K2 [Ho (Tuy_3, Ty _p) + k" 2] + 2k"
K*H® (Tu,_3,Tu,_y) + 3k"
k3
Suy_3
K Jo (a3, un_2) + 3k"
co <K' g (ug,wq) + k.

Jo (un73/ un72) + 3k"

(23)

(24)
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We obtain
Jo(un, unr1) < K'Jo(ug,u1) +nk" ¥V n € N.
Now, for each n > m, we obtain
]9(umrun) < G(Umrun)[]()(umruerl) + ]G(um+1r Un)]
< G(Umr Un)]G (um/ uerl) + G(uH’II un)g(uerl/ un)]&(uerl/ um+2)
+ G(Um/ un)e(um+1/ un)]G (um+2/ un)
— i
Z ( I]e( u]',un)fe(uz‘,uiﬂ))
i=m ] m
n—1 i ) )
<) ( 0 (uj, un) (k'Jo (uo, u1) +ikl))
i=m \j=m
n—1 i . i .
= % ( TT w08 fotuo )+ T T 0Cu )ik
i=m \j=m j=m
n—1 i i )
= ( 0(uj, wy )k Jo (uo, uy ) Z (HG uj,un)ik’)
i=m \j=m J=m
n—1 i _
< ( 0/(uj, wn )k Jo (1o, uy ) Z <]_[9 Uj, Uy zkl)
i=m \j=1 i=m =1
= Jo(ug,u1) Z (HG uj, Uy) ) Z <H9 uj, Uy zk’) (25)
l m =1 : =1
Let a,, = H;”:l G(uj, u)k™, Sy =Y (H};l G(uj, un)ki> and a), = H}":l 6 (1, uy ) mk™,
S, =3y, ( iy 6, un)iki). Then limyseo % = limy,n-so0 0(uy11,un )k < 1, and
lim 50— gim g mELy,
ml—Igo [ o mt%m (um+1/un)( m )
1
= lim_0(u,01,1,) (1 + a)k
k
= mlﬁri} B(um“,un)k—o— hm G(umﬂ,un)m
<1+0.

Since limyy; ;00 0(Wy;11, Uy ) is finite and hmm_mo =0, the series } 72, (H;-:l B(u]-, un)ki)

and } 7%, ( H§:1 0(u, un)ikl) converge by ratio test for each n € N. For n > m, inequality

(25) implies
Jo (i, un) < Jo(uo,u1)[Sp—1 — Sm] +S;,_1 — Sy

Letting m — co, we obtain

lim sup Jg (1, un) = 0. (26)

m—ro0 n>m
From inequalities (23) and (24), we have

o, S0P Jo e en) = 0.
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Also limy, ;o0 0 (tn, w) < %, and limy, ;00 0(ep, €) < % By Lemma 1, the sequence
{un : n € {0} UN} is Cauchy in H* and {e¢, : n € {0} UN} is Cauchy in £*. Since the
subsets H* and KC* are closed in the complete space (U*, pg), there is some p in H* and q
in £* such thatu, — p, ¢, — q. Since ¢, € T, forall n € {0} UN and the multi-valued
non-self mapping I' is closed, q € I'p. Since Jp(up, ¢,—1) = dst(H*,K*) and Jp is associated
with (H*, K*), we deduce that py(p, q) = dst(H*, K*). Now,

dst(H*,K*) = pg(p,q) > D(p,Tp) > D(p, K*) > dst(H*,K*),

Hence,
D(p,Tp) = dst(H*, K*).

This completes the proof. [

In the following, we include our second result.

Theorem 4. Let the space (L%, pg) be complete and the pair (H*, KC*) has the PPe-property. Let
T : H* — 2% be a closed multi-valued mapping that satisfies

suHP? (Tu,Te) < kpg(u,¢), (27)

forallu,e € Y* and for some 0 < k < 1 with

. 1 .
i ) < i 0(en ) < ¢
Here, sy, = infecry 0(u,¢), uy € Hoand ¢y € Tuy,n = 0,1,2--- . Let Tu € CB(4¥),
I't C Ko foreachw € H*, t € Ho. Then D(p,I'p) = dst(H*, KC*) for some p € H*.

Proof. Since every extended b-metric py is an E.b-G pseudo-distance on I*, if Jy = pg, then
P is associated with each pair (H*, K*), because of the continuity of py and P/o-property
becomes PPé-property. Thus, all the axioms of Theorem 3 are fulfilled. Hence, there exists
some p € H* such that D(p, I'p) = dst(H*, K*). (The detailed proof of Theorem 4 is given
in Appendix A). O

The following is another result for complete space (U*, pg, Jp)-

Theorem 5. Let the space (L%, pg, Jg) be complete space such that ]y is associated with the pair
(H*,K*) and (H*, K*) has the Plo-property. Let T : H* — K* be a non-self continuous mapping
that satisfies

sulo(Tw, T'e) < kJg(u,¢), (28)

forallu,e € H* and for some 0 < k < 1 with

. 1 ) 1
im0, ) < 2, 6(en, em) < 7
Here, s, = 6(u,Tu), uy, € Ho, ¢y = Tuy,n =0,1,2---. Let Tt € Ky foreach t € H,.
Then pg(p,I'p) = dst(H*,K*) for some p € H*.

Proof. Since the contraction mapping I' : H* — K* is continuous, if {u, : n € N} and
{en : n € N} are any two sequences in H* and K*, respectively, such thatu, — p € H*,
and ¢, -+ q € K*, and ¢, = 'y, V n € N, then T'uy, — I'p which implies ¢, — Tu.
Since the limit of sequence in (1%, pp) is unique, p = I'q. Thus, the mapping T is closed.
All the axioms of Theorem 3 are fulfilled. Hence, there exists some p € H* such that
D(p,Tp) = dst(H*, K*). (The detailed proof of Theorem 5 is given in Appendix B). [
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Theorem 6. Let the space (4*, pg) be complete and the pair (H*,IC*) has the PPe-property. Let
I': H* — K* be a non-self continuous mapping that satisfies

supg(Tu,Te) < kpg(u,e), (29)

forallu,e € H*, and for some 0 < k < 1 with

1 1
lm 0wy, upy) < o Lim 6(en, em) < —.

11,11—00 11,11—00 k

Here, s, = 0(u,Tu), u, € Hoand ¢, =Tu,,n=0,1,2---. Let T't € K for each t € H,.
Then pg(p, T'p) = dst(H*, K*) for some p € H*.

Proof. By setting [y = pp in Theorem 5, we arrive at the desired result. (The detailed proof
of Theorem 6 is given in Appendix C). O

4. Consequences and Examples

In this section, we include some important B.P. point theorems in the settings of b-m
space (U*, pp) and b-G pseudo-distance space (L*, py, J). We also furnish readers with
concrete examples to validate our results.

Corollary 1. Let the space (*, py, J,) be complete such that [y, is associated with the pair (H*, K*)
and (H*,K*) has the Pli-property. Let T : H* — 2K" be a multi-valued closed mapping
that satisfies

sHo(Tu,Te) < kJy(u,e), (30)

for all w,e € H* and for some 0 < k < 1 withks < 1. Let Tu € CB(U*), Tt C Ky for each u €
H*, t € Ho. Then D(p,Tp) = dst(H*,K*) for some p € H*.

Proof. By setting Jy = J, in Theorem 3, we arrive at the desired result. [

Corollary 2. Let the space ({4*, pp) be complete and the pair (H*, K*) has the PPo-property. Let
T : H* — 2% be a closed multi-valued mapping that satisfies

sHP (Tu, Te) < kop(u,e), (31)

forall u,e € U* and for some 0 < k < 1 withks < 1. Let Tu € CB({*), Tt C Ky for each u €
H*, t € Ho. Then D(p,Tp) = dst(H*, K*) for some p € H*.

Proof. By setting pg = dj, in Theorem 4, we arrive at the desired result. [J

Corollary 3. Let the space (U*, p) be complete space and the pair (H*,KC*) has the PP-property.
Let T : H* — 2% be a closed, multi-valued mapping that satisfies

HFP (Tu,Te) < kp(u,e), (32)

forall u,e € H* and for some 0 < k < 1. Let Tu € CB(U*), Tt C K for each u € H*, t € H,.
Then D(p,I'p) = dst(H*, K*) for some p € H*.

Proof. By setting pg = p in Theorem 4, we arrive at the desired result. O

Corollary 4. Let the space (1, pp, J;,) be complete such that ], is associated with the pair (H*, K*)
and (H*,K*) has the Pl-property. Let T : H* — K* be a non-self continuous mapping
that satisfies

sJp(Tu, Te) < kJp(u,e), (33)
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forall u,e € H* and for some 0 < k < 1 withks < 1. Let Tt € Ky for each t € Hy. Then
pp(p, Tp) = dst(H*, K*) for some p € H*.

Proof. By setting Jy = J, in Theorem 5, we arrive at the desired result. O

Corollary 5. Let the space (U*, py) be complete and the pair (H*, K*) has the PPo-property. Let
I' : H* — K* be a non-self continuous mapping that satisfies

spp(Tu, Te) < kpp(u,e), (34)

forall w,e € H* and for some 0 < k < 1 with ks < 1. Let T't € Ky for each t € Hy. Then
pp(p, ITp) = dst(H*, K*) for some p € H*.

Proof. By setting py = p; in Theorem 6, we arrive at the desired result. [

The following example validates Theorem 3.

Example 6. Let U* = [0, 1] with the extended b-metric pg defined in Example 1. Let H* = [0.1,0.2],
K* = [0.3,0.4] and B* = [0.1,0.125] U [0.2,0.4] and Jo : £1* x $* — [0, 00) be defined by

_ Jpe(ue) if {w e} CB*
Jolw,e) = {110 if {ue} ¢ B*.

Then, by Example 2, the mapping Jg is an E.b-G pseudo-distance on $1*. Define T : H* — 25" as

{0.3} U [0.375,0.4] for u € [0.1,0.125]

0.375,0.4] for u € (0.125,0.15)
oy _ ) [035,04] for u € [0.15,0.175)

0.325,0.4] for u € [0.175,0.1875)

{03} U[0.325,0.4] for u=0.1875

{0.4} for u € (0.1875,0.2].

(1)  We show that the pair (H*, K*) has the Ple-property.
Observe that dst(H*, K*) = 12.5and Hy = {0.2}, = {0.4}.
Hence, (H*,K*) has the Plo-property.

Also, T(Hg) = T(0.2) = 0.4 € K.

(2) We show that the mapping Jg is associated with (H*, K*).
Let {u, : n € N} and {e, : n € N} be any two sequences in $* such that lim, e Uy = u,
limy, o0 ¢, = ¢ and

Jo(tn, ¢y—1) = dst(H*,K*) foralln € N. (35)
Since dst(H*, K*) = 12.5 < 110. By definition of ] we have
Jo(un, en—1) = Pe(un, ¢y_1) = dst(H*, K*). (36)

By (36) and continuity of pp we have pg(u, ¢) = dst(H*, K*).
(3)  We show that (18) holds, i.e.,

syH? (T, Te) < kJg(u,¢) forall u,e € H* and for some k € [0,1). (37)

Let u,e € H* be arbitrary and fixed, and k = 1 € [0,1). By definition of T, we have
T'(H*) C K* = [0.3,0.4] C B*. Moreover, by definition of Jg we have H/¢ (Tu,Te) < 12,
foreach u,e € H*. We discuss the following cases.
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Case(a)  If{u, e} NB* # {u, e}, then there are three possibilities.

(i) uéB*ande ¢ B*

(i) u ¢ B*ande € B

(ii)) u € B*ande ¢ B*.
Ifu & B*, then u € (0.125,0.2) and s, <3V u € (0.125,0.2), Jo(u,¢) = 110
and s, HJ0 (Tu, Te) < 3(12) < 10 = kJp(u,¢).
Ifu € B*, thenu € H*NB* = [0.1,0.125| U {0.2} and s, < 3V u €
[0.1,0.125] U {0.2}, Jo(u,¢) = 110 and s,Hé(Tu, Te) < 3(12) < 40 —
kJg(u,¢). So (37) holds.

Case(b) If {u,e} NB* = {u, e}, then u,e € H* NB* = [0.1,0.125] U {0.2}. Now, from
the definition of T, we have: Tu = T'e V u,e € [0.1,0.125], T0.2 C Tu YV u €
[0.1,0.125]. Thus H'e (T, Te) = 0 for all u, ¢ € [0.1,0.125] U {0.2}.

Hence, s, H/¢(Tu,Te) =0 < kJp V u, ¢ € [0.1,0.125] U {0.2}. So (37) holds.
By the definition of I', T'u is closed and bounded for all u € H*.

(4) Wesee that p = 0.2 is a B.P. point of T, since D(p,I'p) = pp(0.2,{0.4}) = 12.5 = dst(H*, K*).

5. Concluding Remarks

We summarize our conclusion as follows.

(1) We generalized the notion of b-G pseudo-distance J, [29] by introducing an E.b-G
pseudo-distance Jy.

(2) We gave an example of E.b-G pseudo-distance Jg which is not a b-G pseudo-distance
Jp in the sense of [29].

(3) We proved B.P. point theorems for the multi-valued contraction mappings with
respect to E.b-G pseudo-distance.

(4) Our results generalized some recent results in the literature from metric spaces and
b-metric spaces to E.b-m spaces.

(5) By letting 6(u,¢) = s for each u, ¢ € U* where s > 1, Theorem 3 generalized the main
result of [29] with the condition that ks < 1 (see Corollary 1).

(6) Theorem 4 is the generalization of the main result of A. Abkar [26] from metric space
to E.b-m space.

(7) By letting 6(u,¢) =1 forall u,e € U* and py = d, Theorem 4 generalized the main
result of [26] (see Corollary 3).

6. Future Scope

The research motivation in this article for the readers is that several important F. point
and B.P. point results can be obtained using our newly introduced generalized distance space.
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Appendix A

Since, according to Remark 2, every extended b-metric is an E.b-G pseudo-distance
on 4*, so in Theorem 4, the extended b-metric py is an E.b-G pseudo-distance on 4*. By
replacing Jy = pg in Definitions 5 and 6, we obtain

D(u,K*) = eier}cf* po(u,e),

dst(H*,K*) = inf{pg(u,¢) :u € H*, e € K*},
Ho={u € H*: pg(u,¢) = dst(H*,K*) forsome e € £*},
Ko={e € K*: pg(u,e) = dst(H*,K*) for some u € H*}.
HPo(H*, K*) = max{ sup pg(u, K£*), SuKI;D po(e, H*)} for all H*, K* € CB(¥),
eek*

ueH*

and the P/e-property becomes PP¢-property of the pair (H*, K*).
Letug € Ho, e9 € Tug C Ky. Then there exists 1 € H such that

[ (u1, 20) = dSt(H*, IC*) (A1)

Since ug, u3 € Ho, ¢g € T'up, and py is an E.b-G pseudo-distance on 4*, so by Lemma 2,
there exists ¢; € T'uy C K such that

pg(eo, e1) < HP?(Tug, Tug) + k. (A2)
Again, as e; € Ko, so there exists uy € H, such that
po(uz, e1) = dst(H*, K¥). (A3)

Now uy,up € Ho,e1 € I'uy, and py is an E.b-G pseudo-distance on {*, so by Lemma 2,
there exists ¢; € T'uy such that

pg(e1,¢2) < HPO(Tuy, Tup) + K2 (A4)

We continue the above process, then, by induction, we find {u, : n € {0} UN}, and
{en : n € {0} UN} such that
(i) Uy € Ho,en € KgVne{0UN;
(i) en €Tu, Ve {0}UN;
(iii)  pe(up,ep_1) =dst(H*, K*)VneN;
(iv)  pe(en—1,en) < HPO(Tuy_q,Tu,) +k"VneN

Now, forany n € N, we have pg(uy, ¢,—1) = dst(H*, K*) and pg (41, ¢n) = dst(H*, K*).
Since the pair (#*, £*) has the PP¢-property, we deduce

po(Un, typ1) = pgen—1,¢1), YV €N. (A5)

Now for u = uy,, e = u,41, and n € N, by (27), we obtain

HPfé (Funl runJrl) <

k
o Pe(un tni1) Vi € {0} UN. (A6)
Uy

Next, for all n € N, we have
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po(Un, uyp1) = po(en—1,¢n)

< HP¢(Tu,—1, Tuy) + K"

IN

Po (unflr un) + k"

Su,_4

kPG(un—lzun) + k"
kpo(en—2,¢n—1) + k"
k

=k
12

Su’172

K2 pg (tn—2, 1y 1) + 2K"

= Kpp(en—3, en_2) + 2k"

< K*[HP(Tuy—3,Tuy—) +

IN

IN

[Hp9 (Tuy o, Tu, 1) + knil] + K"
HPo (Iﬂunfz, Fun_l) + 2K

po(Up—2, uy—1) +2k"

kan] + 2k

= K?HP? (Tu,_3, Tu,_p) + 3k"

k3
Sun 3

K Pe(un 3, Up—2) + 3k"

IN

o (Un—3, uy—2) + 3k"

<
< < k"pg(ug,u) + nk™.

Therefore, we obtain

0o (un, uyi1) < k"pg(up,u1) +nk" Vn € N.

Now, for each n > m, we obtain

0 (um; un)

<

<

= pg(u,u1) Z (]—[0 uj, ) ) +

<@
<48

=

=

3

=

n

i

I

|
—_

|
—_

+ G(UM/ Uy )G(uerlr un)p(-) (um+2/ un)

< z; (E 00w ool 1)

j*m

[uny

< H 0 (uj, un)k' 09 (uo,11) + ]_[ o(

] m

[uny

<H9 Uj, Uy )k 0 (ug, w1 )

Jj=m

3

3

<H9 uj, )k pg (g, 1y ) +

m \j= i

z

-1

=

i=m \j=

i=m

(s, ) [0 (W, Wi 11) + P (W1, )]
(i, ) g (W, Wi 1) + 0 (W, i )0 (Wpp 1, Ui ) P (W1, Wnt2)

< ﬁ 0 (uj, wy) (K'pg(uo,u1) + iki)>

)i

(]’[9 uj,un)ik')
( He )ik
<1‘[9 u]-,un)ikf>.
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]

S=Y" (H;-:l 0(uj, un)iki). Then lim; 0 ”;”—;:1 = limy; y—s00 Oty 11, Uy )k < 1, and
. Y m+1
Jim, S =m0 ) (S )k
. 1
= im0 ) (1 )
. ) k
= e Omar )kt Him 01, v )
<1+0.

Since limyy; ;00 0(14,11, 15 ) is finite and limyy, 00 % = 0, the series ) ;°; <H§:1 0 (uj, un)ki>

and Y2, (Hj‘_1 0(u, un)iki> converge by ratio test for each n € N. For n > m, above

inequality implies
po(wm, ) < pg(u0,11)[Sn—1 = Sm] + S — Sy
Letting m — oo, we conclude

Jim sup Po (m, un) = 0.

(A7)

From (A12) and (A13), we have

A S o e ) = 0.

Also limy, y—e0 0(t, um) < %, and limy, y—e0 0(en, em) < % By Lemma 1, the sequence
{un : n € {0} UN} is Cauchy in #* and {e¢, : n € {0} UN} is Cauchy in £*. But since the
subsets H* and K* are closed in the complete space (4*, pg), there is some p in H* and q in
K*, such thatu, — p, ¢, — gq.Since ¢, € T'uy, forall n € {0} UN and the multi-valued non-
self mapping I'is closed, q € I'p. Since pg(uy, ¢,—1) = dst(H*, K*) and py is associated with
(H*, K*), because of the continuity of pg (we have chosen py to be continuous throughout),
we deduce that pg(p, q) = dst(H*, K*). Now,

dst(H*,K*) = po(p,q) > D(p,I'p) = D(p,K*) > dst(H*, K¥),

Hence,

D(p,Tp) = dst(H*,K*).
This completes the proof.

Appendix B
Let ug € Ho, g = T'ug € Ky. Then there exists u; € Hg such that

Jo(ug, e0) = dst(H*, K*). (A8)
Since ug,u; € Ho, for eg = T'ug, ¢ = T'uy € Ky, for all k > 0, we have
]9(20, 21) < pg(ruo, Ful) + k. (A9)
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Again, as e € Ky, so there exists uy € H such that
]9 (qu 81) = dSt(H*/ K*) (AlO)
Now uq,uy € Hy, for e = I'uy, e = I'uy, we have
Jo(e1,e2) < pg(Tug, Tup) + K. (A11)

We continue the above process, then by induction, we find {u, : n € {0} UN}, and
{en : n € {0} UN} such that
(i) u, € Ho,en € Ko Ve {0}UN;
(ii) e, =Tu, Vne{0}UN;
(@ii)  Jo(uy,ep_q) =dst(H*, K*)Vn eN;
(iv) ]g(en_l,en) < pe(l“un_l,l"un) +k"VneN

Now, forany n € N, we have Jp(uy, ¢,—1) = dst(H*, K*) and Jo(uy,11,¢0) = dst(H*, ).
Since the pair (%*, K*) has the Pé-property, we deduce

Jo(un, 1) = Jo(en—1,en), V1 €N, (A12)
Now, for u = uy, ¢ = u,41, and n € N, by (28), we obtain

k

Suy

Jo (T, Tt iq) <

Jo(un,wpi1) V€ {0} UN. (A13)

Next, for all n € N, we have

Jo(tn, 1) = Jo(en—1,¢n)
po(Tuy—1,Tu,) + K"
k
Suy4
k]@(un—lrun) + K"
kJo(en—2,¢n-1) + k"
k[Jo(Tup—a, Tuy 1) + K1) + K"
kJo(Tuy—2, Ty, —q) + 2k"
;2
Uy
K2 Jo (Un—2, y—1) + 2K"
= K®Jo(en—3, en—2) + 2k"
< K*[Jo(Twy—3, Tuy_p) + k" 2] + 2k"

= 12 Jp(Tup—3, Tuy_2) + 3k"
k3

IN

IN

]G(un—lzun) + k"

IN

IN

IN

Jo (unfzz un—l) + 2k"

IA

IN

Jo (un73/ u7172) + 3k"

Su, 3
< K Jo(wy—3,un—2) + 3K"
< <K p(ug, ug) A nk"

So we obtain
Jo(un, tyy1) < K'Jo(uo,u1) +nk" V€ N.
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Now, for each n > m, we obtain

(um,un) UG(umrum+l) +Jo (um+1r un)]
(tm, wn) Jo (s 1) + 0 (i, )0 (W11, ) Jo (W1, W +2)
+ 0 (i, )0 (11, 10 Jo (W2, 1)

< Z (]_[9 uj, Uy Ie(uuuz+1)>

J=m

]e(um/un) <0
<6

2
|
_

< ]—[ 6/(uj, wn) (k'To (o, u1) + iki))

jn

IN
iy

n—1
= <H o( u],un)k ]9(110,111 + H 6( u],un)zk>
i=m \j=m
n—1 i )
= (]’[ 0(uj, wn )k Jo (1o, uy ) (]’[ G(uj,un)ikl)
i=m \j=m i=m \j=m
n—1 n—1 i .
< (He uj, K Jo (1o, u > +) (HG(uj,un)ikl)
i=m \j= i=m \j=
n— n—1
= Jo(up, u1) E (HG u],un > + (HG U, Uy zkl>
i=m \j= =1

m

Let ay = TTiLq 0(uj, wn)K™, S = Li%4 (H;_l 0(u;, un)ki) and ay, = [Ty 0(um, wp)mk™,
=y", (H;Zl G(u]-, un)ikl> Then lim;—c0 "’Jl = limy; y—o0 Oty 11, un )k < 1, and

@y m+1
A, = = i, Ot ) (5o )k
1
= mlérilwf)(umﬂ,un) (1 + %>k
k
= mlém 0 (Upt1, un )k + mhm G(umﬂ,un)%
<1+0.

Since limy, ;—sc0 0 (U, 11, Uy ) is finite and limy, 0 % =0, the series } ;° 4 (Hj«:l 0 (uj, wy) ki )

and Y724 (H;_l 0(uj, un)iki) converge by ratio test for each n € N. For n > m, above in-
equality implies
Jo (i, un) < Jo(o,w1)[Sn—1 — Sm] + Sy_1 — Spy-

Letting m — oo, we conclude

lim sup Jg (1, un) = 0. (A14)

m—o0 n>m

From (AS8) and (A9), we have

im sup Jo(em, en) = 0.

Also limy, ;o0 0 (tn, w) < %, and limy, p—se0 0(en, em) < % By Lemma 1, the sequence
{un : n € {0} UN} is Cauchy in H* and {e,, : n € {0} UN} is Cauchy in £*. But since the
subsets H* and IC* are closed in the complete space (4*, Jy), there is some p in H* and q
in K* such thatu, — p, ¢, — q where ¢, = I'n, V 1 € N, Since the contraction mapping
I': H* — K* is continuous, so I'u, — I'p which implies ¢, — I'p. As the limit of a sequence
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in (4*, pg) is unique, ¢ = I'p. Since Jo(un, ¢,—1) = dst(H*,K*) and Jy is associated with
(H*,K*), we deduce that pg(p, q) = dst(H*, £*). Now,

dst(H*, K*) = pe(p,q) = po(p,Tp)

Hence,

po(p,Ip) = dst(H*, K7).
This completes the proof.

Appendix C

Since, by Remark 2, every extended b-metric is an E.b-G pseudo-distance on i[*, so
in Theorem 6, the extended b-metric py is an E.b-G pseudo-distance on 4*. By replacing
Jo = pg in Definitions 5 and 6, we obtain

dst(H*,K*) = inf{pg(u,¢) :u € H*, e € K*},
Ho = {u € H*: pg(u,¢) = dst(H*,K*) for some e € K*},
Ko={e € K*:pg(u,e) =dst(H*, K*) for some u € H*},

and the PJ¢-property becomes PP¢-property of the pair (H*, K*).
Letug € Ho,eg = T'ug C Ky. Then, there exists u; € Hg such that

po(u1, e0) = dst(H*, K¥). (A15)
Since ug,u; € Hy, for eg = T'ug, e = T'uy € Ky, for all k > 0, we have
po(eo,e1) < pg(Tug, Tuy) + k. (Al6)
Again, as e € Ky, so there exists uy € Hy, such that
po(up, e1) = dst(H*, K*). (A17)
Now uq,uy € Hy, for e = I'uy, e = I'uy, we have

po(e1,e2) < pg(Tuy, Tup) + k2. (A18)

We continue the above process; then, by induction, we find {u, : n € {0} UN}, and
{en : n € {0} UN} such that
(l) unGHo,enG’CQVHG{O}UN;
(ii) e, =Tu, Vne{0}UN;
(iii)  po(un, ey—1) =dst(H*,K*)Vn e N;
(iv) pg(en_l,en) < pg(Fun_l,Fun) +k"VneN.

Now, forany n € N, we have Jp(uy, ¢,—1) = dst(H*, K*) and pg (w41, ¢n) = dst(H*, ).
Since the pair (H*, K*) has the PP¢-property, we deduce

pg(un,unH) = pg(en,l,en), VneN. (A19)

Now for u = u,, e = u,41, and n € N, by (29), we obtain

k
Po(tn, Uyt1) V1 € {0} UN. (A20)

Suy

Po(Tun, Ty 1) <
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Next, for all n € N, we have

o (Un, Upt1) = pg

So we obtain

(en—lr en)
(Tu, 1, Tuy,) + K"
k

Upy—1

p@(un—l/ un) + k"
P9(en—2/ ¢n—1) + k"

IN

]

IN

S Pe(unflrun) + k"

IN

IN

pg(runfz, Tu, 1)+ 2k"
k2

IN

Suy_p
kng (U2, uy 1) + 2k
= kng(en,:),, e1172) + 2k"

IN

k
k
k[oo(Tuy—2,Tuy_1) + K"~
k

1}_‘_1{71

o (Up—2, uy—1) +2k"

<IK? [o(Tuy—3,Tuy o) + k”fz] + 2k"
= K2 0pg(Tu,_3, T, ) + 3k"

k3

Sun 3
<k Pe(un 3, Un—2) +3k"
<-

IN

Po (unf?)/ un72) + 3k"

- < k" pg(ug,uy) + nk".

00 (Un, ty1) < K'pg(up,up) +nk" Ve N.

Now, for each n > m, we obtain

p@(um/ Un) <
<

| /\

IN

<

_p9 110,111 i <H6 u]/un ) +

0
0

=

=

3

=

n

i

I

+ G(uml Uy )G(uerl/ un)Pe (um+2/ un)

|
—_

—_

[uny

3

|
—

m

- < Z (HG u],un)pe(uuuzﬂ))

J=m

( H 0(uj, un) (K'pg (o, u1) + iki)>

j=m
<H9 u],un)kpe(uo,ul + ]_[9

] m
<H9 Uj, Uy )k 0 (ug, w1 ) Z
j=m i=m
1

n—
<H9 Uj, Uy kpe U, U ) +

j=1 i

il\m

m

(e, ) [0 (W, Wi t1) + P (W1, )|
(s, ) g (W, Wi 1) + 0 (W, i )0 (Wppp 1, W ) P (W1, Wnt2)

],un)1k>

(1_[9 Uj, Uy zk)

(HG uj, Uy zk’>

(1ot
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m Am

S=Y" (H;-:l 0(uj, un)iki). Then limy, oo 220 = 1imyy, 00 O (U1, Uy )k < 1, and

!

. am+1 _ . m + ].
Jim, S =m0 ) (S )k
. 1
= im0 ) (1 )
. . k
= e Omar )kt Him 01, v )
<1+0.

Since limy, ;—s00 0 (141, Up ) is finite and limy, ;0 % = 0, the series } ;° (H;::l O(uj, un)ki>

and )} 724 (H;_l 0(uj, un)iki) converge by ratio test for each n € N. For n > m, above in-
equality implies
Po (1, ) < pg(u0,11)[Su—1 = Sm] + S 1 — Sy

Letting m — oo, we conclude

lim sup pg (up, un) = 0. (A21)

m—o0 n>m
From (A19) and (A20), we have

lim sup pg(em, ¢n) = 0.
m—%y>m

Also limy, y—e0 0 (1, um) < %, and limy, y—c0 0(en, em) < % By Lemma 1, the sequence
{un : n € {0} UN} is Cauchy in #* and {e¢, : n € {0} UN} is Cauchy in £*.

But since the subsets H* and K* are closed in the complete space (*, Jp), there is
some p in H* and q in K* such that u, — p, ¢, — q where ¢, = Tu, V n € N, Since the
contraction mapping I' : H* — K* is continuous, so I'u;, — I'p which implies ¢, — I'p. As
the limit of a sequence in (4*, py) is unique, g = I'p. Since pg(uy, ¢y—1) = dst(H*, K*) and
pg is associated with (H*, K*), because of the continuity of py (we have chosen py to be
continuous throughout), we deduce that py(p, q) = dst(H*, K*). Now,

dst(H*,K*) = pa(p,q) = po(p,Tp)

Hence,
po(p, Tp) = dst(H*, K*).

This completes the proof.
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